IOP SClence jopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

On the covariant quantization of type-Il superstrings

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
JHEP06(2004)030
(http://iopscience.iop.org/1126-6708/2004/06/030)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 38.107.179.213
The article was downloaded on 22/02/2012 at 08:09

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/1126-6708/2004/06
http://iopscience.iop.org/1126-6708
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

PUBLISHED BY INSTITUTE OF PHYSICS PUBLISHING FOR SISSA /ISAS

RECEIVED: June 3, 2004
REVISED: June 15, 2004
ACCEPTED: June 16, 200/

I

On the covariant quantization of type-ll superstrings
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ABSTRACT: In a series of papers Grassi, Policastro, Porrati and van Nieuwenhuizen have
introduced a new method to covariantly quantize the GS-superstring by constructing a
resolution of the pure spinor constraint of Berkovits’ approach. Their latest version is
based on a gauged WZNW model and a definition of physical states in terms of relative
cohomology groups. We first put the off-shell formulation of the type-II version of their
ideas into a chirally split form and directly construct the free action of the gauged WZNW
model, thus circumventing some complications of the super group manifold approach to
type-1I. Then we discuss the BRST charges that define the relative cohomology and the
N=2 superconformal algebra. A surprising result is that nilpotency of the BRST charge
requires the introduction of another quartet of ghosts.
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1. Introduction

The classical Green Schwarz superstring!

1 m
L9 = —51_[” I + Lwz (1.1)
I = 9yua™ — i0y™ 0,0 — 0™ 0,0 (1.2)
Lz = —ie T ((va&,@) - (é’ym&,é)> — " (00, 0) (67D, 0) (1.3)

is covariant and manifestly spacetime supersymmetric. In this last feature it differs from the
RNS string, where space time supersymmetry only comes in after the GSO projection. The
problem for the Green Schwarz string on the other hand is that a covariant quantization
with the standard BRST procedure does not work. The reason for this misery is a set
of 16 mixed first and second class constraints d,, that cannot be split easily into first
and second class type in a covariant manner. The conjugate momenta p,, of ¢ can be

Lgm g2, §% are the coordinates of the target-superspace, where % and 6% are Majorana-Weyl, i.e. they
each have 16 real components.



entirely expressed by other phase space variables. p., minus these expressions are thus
constraints in the hamiltonian formalism, namely d,,. Half of the constraints are first
class and correspond to a fermionic gauge symmetry, known as x-symmetry. Siegel [fi]
had the idea to make d,, part of a closed algebra by adding the generators that arise via
the Poisson bracket of d with itself. At the quantum level this translates into the current

algebra
. . .'Y;nﬁnzm(w)
dyo(2)id, ~ =2 —— 14
i (2)idep(w) ~ ~20 7 (14)
. Vmaﬁaeﬁ(w)
Ao (), ~ 22— 1.
NG 0 (15)
Timn
I, ()11, ~—— 1.
(M) ~ (16)
. 5 ida
which corresponds to a chiral symmetry algebra of a free action
1 _ _ .
L= —iﬁmmﬁmm + D200 + Pz 00¢ (1.8)
1 _ X s
= —§H?H2m + Lwz + dy000% + ds500 (19)
1 14 A
dua = Ppa — (Ymb)a (i@uﬂvm + 597’”(%6’ + 507”(%0) (1.10)
. A . . 1 14 -
dua = Ppa — (Ymb)a <18ﬂxm + 597’”(9“9 + 597”%%0) (1.11)

It has the interesting feature that it coincides with the Green-Schwarz string, if one imposes
the additional constraints d,, = 0 and CZE& = 0 . In the free theory, d,. is a priori not
a hamiltonian constraint, but the generator of a chiral (not local) symmetry. The second
class property of d,, in the Green-Schwarz string is reflected in the free theory by the fact
that the OPE of d,, with itself does not form a closed subalgebra. Berkovits [E] had the
idea to implement the constraint cohomologically with a BRST operator disregarding its
non-closure

Q=— ]{ dziN%de — ]{ dziA%dz4 (1.12)

where A\ is a commuting ghost. For first class constraints the BRST cohomology can
be built, because the BRST operator is nilpotent due to the closure of the algebra. For
second class constraints, however, the non-closure implies a lack of nilpotency of the BRST
operator. To overcome this problem, Berkovits put a constraint on the ghost field A and

5\, the so called pure spinor constraint
MYTA=0 (1.13)

In a series of papers [[f]-[[i] Grassi, Policastro, Porrati and van Nieuwenhuizen have removed
this extra constraint by adding additional ghost variables. They realized in [[] that their
theory has the stucture of a gauged WZNW model with the complete diagonal subgroup



gauged. It is based on the chiral algebra above (note that we changed the sign of p,, and
d,o in our definitions as compared to [f]). A current can be set to zero by gauging the
corresponding symmetry and thus making it a first class constraint. However, d,, does
not form a subalgebra and thus cannot be gauged on its own. So if one starts gauging d .
and tries to make the resulting BRST-operator ([.12) nilpotent by adding further ghosts,
one automatically arrives at a BRST operator that corresponds to a theory where also
L., and 90“ are gauged (see e.g. [, p.7] or [, p.4]). But this also removes the physical
fields from cohomology. Therefore a grading was introduced by hand to get the correct
cohomology. In a recent beautiful paper [B] this procedure was replaced by a new approach
to the conversion of second class constraints into first class, which was worked out for the
gauging of a coset of a (simple) Lie algebra. The idea, which may work for a more general
set of constraints that generate a first class algebra, is to gauge the complete algebra and
later undo the gauging of the unwanted constraints by building a relative cohomology with
respect to a second BRST operator. In the present paper we discuss this program for the
type-1I string with some modifications.

Despite of the elegance of the group supermanifold approach, there are some puzzling
points about the WZNW action:

e For the heterotic string one starts with a chiral algebra and gets from the WZNW
model a chiral as well as an antichiral algebra. Somehow one has to get rid of the

antichiral one.

e For the type-1I string one starts with a chiral and an antichiral algebra. Both of them
double and, more severely, because of the central extension of the supersymmetry
algebra, the Jacobi identity forces one to introduce an additional generator with two
spinor indices. Thus it has not been possible yet for us to produce a WZNW action
for the type-II string.

Although we hope that those problems can be overcome, we shortcut the procedure by
directly constructing the free field version of the gauged WZNW action.
The paper is organized as follows:

e In section [ we start with the free field action, discuss its off-shell symmetry algebra
generated by the current d,, and gauge it to turn d,, into a constraint. Before
actually gauging the algebra via the Noether procedure, we make it close off-shell.
To this end we introduce auxiliary fields P,,, and Ps,,. There still remain double
poles in the current algebra, which cause trouble in the gauging procedure. They
can be eliminated by doubling all fields, as it was done in [f], in order to establish
nilpotent BRST transformations. Gauge fixing leads to the BRST-transformations
as they are given in [ff.

e In [} we follow the ideas in [[l] to define a relative cohomology, whose purpose will be
to undo the gauging of part of the algebra. A nilpotent second BRST operator can be
found for the case of arbitrary generators of a first class algebra, but the construction

presumably has to be modified for the superstring.



e In [| we review the operator algebra presented in [f]]. It is straightforwardly extended
by the new fields that were introduced in the context of the second BRST operator.

e In fj, we have a closer look at the final BRST operator proposed in [[f], which includes
diffeomorphism invariance by adding a topological ghost quartet. We come to the
conclusion that this operator has to be modified via a second quartet of ghost fields in
order to become nilpotent. However, we have not found a suitable form of the second
BRST operator at this final stage, because its nilpotency is spoiled by additional
terms that are required by diffeomorphism invariance. In this situation one can
either do without diffeomorphisms (but keep the N = 2 algebra), or return to the
grading prescription or a modification thereof.

We also want to mention some other recent work that is based on the Berkovits ap-

proach [[[0} [[1], [

2. Gauging the current algebra

We start with the free field lagrangian?

1 _ _ .
L= —gﬁmm(?mm + D200 + Pz00¢ (2.1)
= —%H?Hgm +Lwz + dméeo‘ + C{g@@éd (22)
1 m v @ DUV Jj N&

= ST, + Loz + P duad 0% + P*d50,0 (2.3)
I} = O™ — 07 0,0 — iévmﬁﬂé (2.4)

1 1. R
i = Pres — (fmb)a (i(?“xm + 0700+ 59%@9) (2.5)

7 ~ N . m 1 m 1 ma A
dua = Ppa — (Ymb)a <Z(9H$ + 597 00 + 597 8ﬂ9> (2.6)
EWZ = _iewjnzﬂ <(97m81/9) - (é’Ymaué)> - 5uy(97ma,u9)(é’7maué) . (27)

From the first line (@) to the second line (R.2) we reexpressed the lagrangian in terms of
supersymmetric objects.? In (R.3) it becomes obvious that the free field action turns into

2For a detailed description of our conventions, including the definition of the chiral projector P*", we

refer to the .

3Supersymmetry acts on the superspace coordinates =™, 0%

and 6% as follows
3:0% = &°
5.0% = &
6™ = i(en™0) + i(éy™0)

= 5.00" = 6.90% =411 = 0.

The transformations of puo and p.s under supersymmetry d. are defined in such a way that d, is SUSY
inert.

m 1 m 1 m N 1 m A m )
6spua = (’me)oz (Zaux + 59’7 aua + 59’)/ 8H9) — §(Vm0)o¢ (8’)/ 8H9 + &y 8H0)



the Green Schwarz action for the type-Il superstring if d,, = 0 and dsq = 0 are put as
extra constraints. The free field equations (90z™ = 90% = Op.o = 0% = 9pss = 0) imply
that d., is a conserved chiral and CZE& is a conserved antichiral Noether current

.o 0,  Odsq =0 (2.8)

They thus belong to symmetries of the free field action. As discussed in the introduction,
we want to turn those currents into constraints by gauging the symmetries. Instead of
the imaginary objects d., and dga, we take id,, and iczgd as currents. Although we want
to discuss the off-shell symmetries, the symmetry algebra (on-shell) can be most neatly
written down in terms of operator products. We will do so, in order to get an idea, how
we have to proceed. On the operator level, id.,, is part of the following operator algebra:

idzo(2)idg(w) ~ —22'%”;(“}) (2.9)
i (2) Loy (w) ~ —2%95(1“) (2.10)
I (2)ILn (W) ~ —(Zn_% (2.11)
id,o(2)00° (w) ~ —% (2.12)

Here it becomes obvious that d does not form a closed subalgebra. This reflects the fact
that it corresponds to second class constraints in the Green Schwarz string. Instead, the
remaining currents II,,, and 00% form a (centrally extended) subalgebra. Following the
instructions of [fI], we thus have to gauge the complete algebra and later build the relative
cohomology of the BRST operator with respect to a second one which will undo the gauging
of IT and 96.

Let us rewrite the algebra in a more general notation:*
v M3 Hn

J J ~ 23 1= 12 2.13

My (2) I, (w) T w - w)? (2.13)

1 1~ 0\ 1, - . ma
dePua = (Ymé)a (if?#:v + 597 8,0 + 597 8#9) - 5(’ymt9)@ (57 0,0 + &y 8#9)

= bedye = 6cdus =0

Lw z is not invariant itself, but transforms into a total divergence.

65/[,Wz:0.

We want to have a theory in the end which is manifestly supersymmetric. Therefore the BRST differential
to be constructed should anticommute with supersymmetry. This will be a leading thought in the following.

“Here we have a different sign in the definition of the structure constants as compared to [ﬂ] The reason
is that in our conventions the algebra

M-
Inas [7°2 vy Hary, My

Iy (2)Ina, (w) ~ - —w (z — w)2

corresponds to a Poisson bracket algebra

{Ia(07), Iay (0"7) ) = dmdagy [ an a6 (0" — 0™) — 87 HA A, 016 (0 — 0™)



Tt = It = (s Ja Jo) = (e, ida, 90%) (2.14)

Nmima 0 0
Hanm, = 0 0 Haya, = 1032 (2.15)
0  Haja, = —i62 0
I a10s = 20705 = [ asas (2.16)
FBaims = 2Ymyanas = —fPmaay - (2.17)

We can use the metric and its graded inverse

nm1m2 0 0
HM1M2 — 0 0 Haflgz — _1/535 (218)
0 HM? =iog? 0
to pull indices:
JM = (%, 0% = IvHYM = (17,i00%, d..a.) (2.19)

For the antichiral currents Js; = jM = (jm, j@, jg) = (zp, idse, 5@‘3‘), we define a metric

H & and structure constants f K & that are numerically equal to those above.

2.1 The form of the transformations to be gauged

Let us also define a generalized notation for the field content we have so far®
ot = (7, 6%, 6%, 0%, 0) = (2™, 6, Pa, 6%, Dza) (2.20)

Introduce transformation parameters w™ and oM with Lie-Algebra indices

wh (2) = (W, w*, w*) = (WM, W%, —iwy) (2.21)
wpm(2) = (Wm, Wa, wWa) = (Wi, wWa, —tw®) (2.22)
oM(z) = (@™, 0% 0%) = (6™, &%, —ids) (2.23)
(‘DM(Z) = ((Dm’djézad}@) = (Am,djéza _7’&)&) . (224)
Noether’s theorem tells us that one gets the current by a local variation of the fields
55—/ﬁ ¢Ai/J &uM——/&] wM (2.25)
w) — 5¢.A w - M - M .
with
05 _ (05a™, -0 96, —0pza, —00°
W _( T, —=0Pzas — y —ODPzas — ) (226)

This is excatly the classical algebra that one gets from a WZNW-model with level n = —2 and with currents

Ju = <TM7 g718g> <~ gilag = TyJ™

with [Tar,, Tars] = Tars £ g0, -

Therefore we think that the sign of the structure constants in [ﬂ]7 eq. (2.3) is not consistent with the choice
[Tary, Toty] = Toas £ arym,- That explains the need for a non-invariant metric Hy/y in ﬂ] to pull the
indices of the currents once.

®We call those fields “matter fields” in the following, in order to distinguish them from ghost fields and
auxiliary fields, which we are going to introduce later.



Given the currents, we thus can read off the transformations according to (P.25)6
- / dJyw™M = / —OIL ™ — Oidqw®™ + 1000“w, (2.27)
= /Baxm{ —w™+ (w*yme)} — Opa (iW*) —
—50a{i8wa — 2iw™ (Y 00) o — 10W™ (Ym0) o + (Ymw)a 0™ +
3i . i .
+ 3 ") + 50180 | ~
—8@6‘{ — i(Ym0) O™ + %(Bw'ymé?)(’ymé)d} . (2.28)

There is, however, an arbitrariness: Adding (vm,u)a(évm(?é) with some parameter u® to
the bracket behind 99 and adding at the same time a term (py,,80)(7"0)4 to the bracket
behind 9% does not change anything. This is a special form of a trivial gauge transfor-
mation” of p., and pzg. Trivial transformations do not change the currents. We have
started with supersymmetric currents and would have expected that they correspond to
transformations which commute with supersymmetry. But this is only true up to trivial
gauge transformations. We do want transformations that commute with supersymmetry
because those transformations will later (after gauging and gauge fixing) turn into BRST
transformations. If we want an off-shell formalism which is manifestly supersymmetric,
BRST should commute with supersymmetry. We therefore choose the transformations in
such a way that this is fulfilled. We further add right now the transformations which
correspond to the antiholomorphic currents:®

~

0z™ = =" + (wy™0) — 0™ + (™) (2.29)
56% = i® (2.30)

SIn this and several future calculations, one has to use the Fierz identity Yim a(aVys) = 0.
TA trivial gauge transformation (see e.g. [E, p.69]) is of the form

oS
SeM — (_)N gMN
oM = (VA
with AMY graded antisymmetric. It is a local symmetry that is present for any theory with more than one
field, but it does not imply a gauge freedom:

0S . M

o = (N S AN

08 = SpM 5N

=0.

In the present case we have

8We also could have derived all this using operator product expansions (or classically via the Poisson-
bracket). In the quantized theory, the currents are generators of the symmetry transformations via the
operator product:
6.0N (w) = Res Ju (2)w™ (2)p™ (w) .

zZ—w



0pra = 10ws — 20w (Ym00)aq — 10W™ (Ym0)a + +(Ymw)a 0™ +
3Z m Z m 37’ N m )
+_(W’Ym‘9)(’y 30)a + _(aw’YmH)(’Y a)a - _(’me)oz(GV 60) -

2 2
0 (" 0)a + ?;meae)( O+ 507" 8) (1) (2.31)
60% = ™ (2.32)
Opza = 100a — 2i0m (7" 00)4 —z@wm( m0) s + ) (3$ +
£ 2 @1 (") + (05 3n) (4 ) 2 () (67736)
8™ () + 3; (Wmae)( ™), + %(&u’yme)('ymé)d. (2.33)

It becomes obvious that these transformations commute with supersymmetry, when one
varies supersymmetric objects. The results should again be supersymmetric, which is
indeed the case:

ST = —Owm + 2(wymd0) — Oy, + 2(ymd0) (2.34)
0idy = —0wa + 2i(Ymw) a1 + 20 (117,00) (2.35)
300° = i0w® (2.36)
MLz = —Owpm + 2(wymd0) — Oy, + 2(ymd0) (2.37)
Sidsq = —004 + 2i(Ym@)aIT + 20™ (7m0 4 (2.38)
500% = D™ . (2.39)
In the condensed notation, this can be written as
6Jy = —0wyr + JpfF prvw™ + (& — terms) (2.40)
5jM = —00y, +jprMNcDN+ (w — terms) . (2.41)

The fact that the transformation of Jjp; contains w-terms reflects the non-closure of the
off-shell algebra of the transformations.

2.2 Closing the off-shell-algebra

In order to arrive at an off-shell nilpotent BRST differential, one needs an off-shell closed
gauge algebra. The commutators of the transformations generated by Il..,, id.,., 00%,
1Iz,,, icfgd and 90% generate further transformations which we have not yet included in the

The basic OPEs of the free field theory in our conventions are
9z™ (2)9z™ (w) ~ ——1

(z—w)?

_55

pza(2)8” (w) ~ ~ dza(2)0° (w)

However, the resulting transformations would not contain a priori the terms —i(’ymé)aéwm +
2 (Owym0)(7™0)a in dpza which are necessary to produce the right off-shell currents. In addition, the
same considerations about supersymmetry and trivial transformations have to be done there, too.



algebra. This becomes evident only when a commutator of transformations is acting on d
or d.

[01,02]dz0 = 20 (Ymw1)aws' — Wi (Ymw2)a) + 4(¥m08)a (w17 w2) + (2.42)
+2(mwn)a (007" +2(£17706) ) = 2ymer)a (~005" + 2627 98))

The first two terms correspond to transformations with parameter w, and w™ respectively.
The last two terms show the non-closure of the algebra. Furthermore, 2(ym,w2)a0@7" and
2(Ymw1)a0wy" correspond to pure shifts in d., or equivalently in p,,. The holomorphic
current for this transformation is 8¢ which is not supersymmetric and thus would spoil
commutativity of BRST and SUSY. The reason for these terms to show up, is the II,,, in
the transformation of d., (R.34). The transformation of II,,, (B.34) contains (in contrast
to the heterotic case) also hatted variables.

In [f, p.11], a nilpotent BRST transformation of d., was achieved by introducing an
auxiliary variable Pj" and rewriting the transformations in terms of 0i-derivatives only.
We use a similar ansatz to get a closed off-shell algebra (this is of course closely related
to BRST-nilpotency). However, to keep the manifest chiral split, we introduce two such
variables.

The symmetry algebra closes as long as we consider only the transformations with

M or only transformations with parameter & . This would correspond to the

parameter w
transformations in a chiral or antichiral heterotic case. In order to get rid of the terms in
question, one can thus introduce auxiliary fields P, and P; in the transformation of d, and

~

ds4 that transform as II, and II; do in the chiral or antichiral heterotic case respectively:

ddze = 10w + 2(Ymw) o PL" — 2iw™ (11 00) (2.43)
= 5dzo¢ - 2(7771("))04 (Hgn - Pgb) (244)
SP™ £ —9w™ + 2(wry™d0) . (2.45)

Equivalently for czgd and Ps,,. These transformations are still supersymmetric within type-
II if P is defined to be SUSY-inert. At the same time we have to guarantee that the
equations of motions of the matter fields do not change, that on shell P coincides with II

and that the invariance of the action under the “global” transformations (holomorphic w

and antiholomorphic @) is conserved. This can be achieved by adding a term proportional
to (P — II)? to the action?

£= L+ (P =TI2) (Po — Tz (2.46)

with some parameter ¢ yet to be determined by the invariance condition. All the other
transformations remain unchanged.'® The variation of the action under local transforma-

9Varying with respect to P and P™ yields for ¢ # 0 algebraic equations of motion P = II™ and
P™ =TI7. Reinserting those equations returns the old action. For ¢ = 1 the II?-term cancels with that of
the original action and one gets a first order action.

10The change of the transformation of d and d has to be implemented by appropriate changes in the
transformation of p and p. However, the information of dp is completely encoded in the transformation of
the other elementary fields and the transformation of d. In the following, we will therefore only write down
transformations of d instead of p.



tions reads:
53 = /SL + % LT T (Po — o)} (2.47)
= / OL + (0 — 6)dae 00% + (6 — 0)dz500% + (2.48)
+c- {((mmaé) - %a&ﬂ”) (s — Psm) + ((wmae) — %am) (M, — sz)}
- / 5L + %&um (Pos — L) + %a@m (Pom — Iz + (2.49)
+ (=24 ¢) (wy™0) (I — P") + (=2 + ¢) (0y™00) (17" — P).
For the global variation to vanish, we thus have to choose
c=2. (2.50)

The local variation shows that the old currents J,, and jm change by (P, — ;) and
(Pzp, — IIz,) respectively.

The action is now of the form (we drop the tilde ™ of the new action and transformations)
1 _ .
S - / P Papy = PPy — I Popy STy + Lz + doa06° + =0 (2.51)
1 _ _ L
_ / (P~ 1) (Pap — Tz) = 502" 0t + pra0B° + P (2.52)

and is invariant under global chiral and antichiral transformations. The new local trans-
formations read:

ddza = 10wa + 2(Ymw) o PL" — 2iw™ (11 00)
bdzs = 1004 + 2(Ym@)a P — 2i0™ (7, 00) 4
P = —0w™ + 2(wy™00)

SPI" = —00™ + 2(0ny™0) .

The off-shell algebra for the local transformations is now closed.

2.3 Gauging

Gauging an algebra means introducing some gauge fields (connections) such that the cor-
responding symmetry becomes local. Therefore one gets a gauge symmetry with its gener-
ators (the currents) constrained to zero. This can be done by an iterative procedure known
under the name Noether’s method (see e.g. [[4], [H]).

From the local variation (R.50) we have seen that the only currents that change off-shell
are I1,,, — P,,, and Il3,, — Ps,,. The new currents are thus

Jort = (Pam,idq, 00%) (2.57)
Iy = (Psm,idsa,00%). (2.58)

,10,



They transform in the following way

0Jy = —Owpr + JPfPMNwN (2.59)
5jM = —&DM + jprMN(fJN . (2.60)

Now we are going to perfom the Noether procedure. For simplicity we will stay in the
condensed notation and only consider the chiral symmetry. The antichiral symmetry is
treated analogously. We are going to introduce gauge fields A2 in order to make the
symmetries local. It is useful for bookkeeping to define a grading that counts the number
of gauge fields. This induces a grading for the variation §, depending on whether it increases
or decreases the grading of the fields. We will denote the grading by a lower index. So far
we have

1 _ A .
So = /PZ’”PZm — P"zy, — 17" Pz, + 5Hfme + Lwz + d.000% + d;500%(2.61)

605y = / Jopr0w™M (2.62)
The next well known step is to add a coupling of gauge fields to the currents
S = —/JzMAQ”. (2.63)
Defining
61 AM = oM (2.64)

the variation of order zero vanishes (d_1Jy; = 0 as Jys does not contain any gauge fields
and thus cannot be decreased in their number)

00Sop +0-151=0. (2.65)

Terms of order 1 in the grading are §1.Sp, 0951 and d_155. We would be done, if §3.51 vanished
on its own.

6051 = / —00 T AY — T 60 AM (2.66)
_ / — (LepfParnw — Bwng) AM — J.pso AL (2.67)

We can only cancel the first term by defining
60AL = — Py vwN AY (2.68)

= 55 = / dwpg AM (2.69)

The terms —dwjs in the transformation (R.59) of the currents keep the procedure from
terminating after this first step. These terms correspond to the double poles in the current
algebra (R.13). One can now use a simple trick and introduce a number of auxiliary fields
that produce the same algebra with a different sign for the double poles. Adding those
currents to the original ones makes the double poles vanish. The simplest way to do
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this, is to double the fields (including P), and subtract from the original lagrangian the
same lagrangian in terms of the auxiliary fields.!’ This is similar to the gauged WZNW
model, where one arrives at an analogous doubling after gauge fixing and an adequate
parametrization of the surviving gauge fields [[L], []]. The original variables in WZNW are
embedding functions g into a group manifold, and the auxiliary fields are usually called
h. The coordinates of the free theory do not parametrize a group manifold (since p,q is
an elementary field). But because of this similarity, we put an index h to our auxiliary
variables and refer to the resulting currents as h-currents.

S = Sold — Sh . (2.70)

The h-action is of course seperately invariant under the same chiral transformations ex-

pressed in h-coordinates as the original lagrangian. Let us call the corresponding trans-

formation parameters w’]}/l. For our purpose we have to choose w%/[ = wys. In addition

to (2:29), (2:30), (B-39) and (P.53)—(R-56) we get the following transformations:

Sxh™ = —0™ 4 (wy™mOM) — O™ + (Ly™eN) (2.71)
60" = W (2.72)
8d", = i0wa + 2(Ymw)aP™ — 2iw™ (Y 00) o (2.73)
SPI™ = —9u™ 4 2(wy™d8) (2.74)
60mY = o2 (2.75)
6dly = 1004 + 2(Ym@)a PE™ — 2i0™ (7,004 (2.76)
SPE™ — —90™ 4 2(0y™ae") . (2.77)
Variation of the action under local transformations yields
5,8 = / (JM + ng) FuwM + (jM + j;;) oM (2.78)
where J¥ = —(P! id.q,00%) JAJ]\Z = — (P! . id:s,00%). (2.79)
The transformation of the complete currents now has vanishing double poles (no dw™-
terms)
§(Lons + J0p) = (Lop + ) FP pnw® (2.80)
STy + I = (Jzp + JLp) 7 g™ (2.81)

and the gauged action only needs the coupling to the connection

Sgauged =8 - Sh - /(JM + J&)Ay - /(jM + j;L}I)AgZ (282)

with
SAL = BuP — Py w AY (2.83)
SAY = ool — fF gV AM. (2.84)

Hn [ﬂ, p-8] this trick was used to make the BRST transformations nilpotent.
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2.4 Gauge fixing and BRST transformation

One can use the gauge freedom to put all the gauge fields to zero again. Within the standard
BRST formalism we introduce ghosts by rewriting the transformation parameters as

WM =AM, oM =AM (2.85)

with an anticommuting imaginary global parameter A and the ghost fields ¢™. The BRST
differential s on the elementary fields is then defined as the transformation without this
parameter

bpd™M = A - spM . (2.86)

The action is of course still invariant under this transformation. We add the usual gauge
fixing and ghost term to the lagrangian:

Laqu = Laauged + s(barAY) (2.87)

with
SbM = AM (2.88)
shy =0 (2.89)

where Aj is the Lagrange multiplier field and has nothing to do with the scalar parameter
A. The BRST-transformation of the ghosts is defined such that s becomes nilpotent.
From the gauge transformation of the gauge field

SAL = dw? — fPynw™N AN (2.90)

we can read off its BRST transformation by pulling the parameter A to the front:'?
sAD = el — ()NFTMAP fP o eN AYM (2.91)
= s(bpALY = ApAL — (9)Pbpoct + (=) N TMpp P neN AM (2.92)

The complete quantum action is thus
Squ = Sgauged + /APAZP — (—)Pbpécp + (—)NJrMbprMNCNAy . (2.93)

Varying with respect to Ay; and AY yields algebraic equations for those fields

A =0 (2.94)
Avr = (I + T3p) = (D) Mop P ane™ (2.95)

12The ghosts as well as the antighosts have an anticommuting body, i.e. the grading of ¢ is
| M=l M| +1.

It thus makes sense to have contractions of the form (—)"bpc?.
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which can be reinserted to finally arrive at the following action (which we will call simply
S again):

1 = A as
S = /szpzm - szﬂgm - H;npgm + §H?Hgm + EWZ + dzaaaa + dg@@@a -
1 _ o
(Pt - AT, TP, - ST, Ly 06+ 0 ) +
+HBmOE™ + waOA + K2OXa + BemOE™ + 02500 + #S0Xa - (2.96)

Here we have defined!?

CM = (_gm,Aa’Xa) (297)
= Cp = (—fm,iXa,—i)\a) (298)
and
by = (/Bzm7wzon"f?) (2'99)
= WM = (870K, —iw.a) (2.100)

and equivalent relations for the hatted ghosts. From the former gauge transormations

€29, (:30), (P-37), (2-53)-(R-56) and (R.71))—(R-77) we can read off the BRST transfor-

mations

se™ = €™+ (M) + £ + (M) (

s0% = i\“ (
$dye = —OXa + 2(YmA) o P2 + 2i8™ (11 00) o (
sP™ = O¢™ + 2(\y™00) (

$0% = i\ (2.105
sdza = —0%a + 2(mN)a P + 2i€™ (ym00) 4 (

sPI = E™ 4 2(\y"5h) (
sz = €™+ (A0 + €7 + (dy™0") (

The transformation of the supersymmetric momentum has the form
ST = 0,6™ + 2(My"08) + 0,E™ + 2(Ay™9,0) (2.109)

Up to the signs of p.q, dza; Bem, Wz and &5 these transformations coincide in the chiral
sector after integrating out P.,, and Ps,, with those in [f].

B31ike for P-a We use a sign for the antighosts in the action that differs from that in [ﬂ]
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In order to make the BRST transformations nilpotent, the ghosts have to transform
in the following way:'4

1
scM = —(—)KifMLKcKcL (2.110)
or in detail
s&™ = —i(Ay"N) (2.111)
SAY =0 (2.112)
$Xa = 2(YmA)a™ (2.113)

and similar transformations for the hatted ghosts. The transformation of the antighosts

sbyr = Apr turns via (R.95) into

sby = (I + i) = ()N M op fP e (2.114)
or in detail
§Bzm = (Pem — P) = 2(k29m ) (2.115)
Swia = (idye — zd’;a) = 2iBem (V" N — 2(YmEz)a&™ (2.116)
= (90 — 06"). (2.117)

2.5 BRST current, composite B-field and energy momentum tensor

The BRST current can be derived by making the anticommuting transformation parameter
A of the BRST transformation d5(...) = As(...) local. From the chiral transformations
we know that the variation of the “matter part” (without ghosts) is [ (Jas + J7,)9(AcM).
The variation of the complete action under local BRST is thus

oaS = /(JMJFJZ]\?)a(ACM)+(jM+j]}&)3(AéM)—5A((—)MbMacMJr(—)MBMaéM) (2.118)
/ OM((M (Taat T +barse ) +OA ()M (T +Tg)e 4hygse™ ) . (2119)

We can read off the BRST currents

3 = (Mg T = () St Y ek e (2120)
= —(Po — PL)E™ = (idoq — idl )XY — (90% — 90" )x0 +
+iBam (A" A) + 2(K21mA)E™ (2.121)
JB = —(Po — PR )E™ — (idzs — idR, )XY — (90 — 90" Y) R4 +

Taking into accout the appropriate grading signs modifies the general form of the gauge transformations
to the following BRST transformations of the currents

(_)N-H\/I

P M
sIn = Jpf Nmc” —Oen .

Demanding nilpotency for this formulae in condensed notation yields (using the Jacobi-identity) the trans-
formation of the ghosts.
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+iBzm(A™ ) + 2(Rz7m A" (2.122)

which on-shell coincide with that of the chiral or antichiral heterotic string respectively.

For gauged WZNW models there exists in general an operator B,, which makes T,
BRST-exact (see [[L§, p.24])

T.. = [Q,B..] (2.123)
where Q = ¢ ;5. (2.124)

For the covariant superstring based on the gauged WZNW model, it is explicitely written
down in [fj, p.11] and is important to build up the N = 2 superconformal algebra together
with the BRST-current, T,, and the ghost current. Having carefully performed the local
BRST variation above makes it now simple for us to recognize the symmetry corresponding
to B, in these calculations: Looking at the ghost action

Sy = /—(—)MbMacM ()M, 9 — /—(—)McMabM C()Meab (2.125)
it becomes clear that by; and ¢™ can interchange their role, as long as the conformal weight

of by is of no importance. That means one can construct a new symmetry by interchanging
M — bM and eM ?)M, or in detail

—{™m o BT —{m B
A o iKY and A o iRg (2.126)
Xa ¢ —Wzq Xa € —lWza

Performing this exchange in all BRST transformations would yield another fermionic nilpo-
tent transformation. However, the aim is that the generator fullfills (R.123). T.. is basically
the square of the original currents minus the square of the h-currents plus ghost terms.
In the BRST-current, we have (J + J")-terms. We therefore need (J — J”) terms in the
B, ,-current. Changing the relative sign of the transformation parameter for the original
fields and for the h-fields does not affect the invariance of the matter action, as the h-part
and the original part are invariant independently. The resulting contribution to the current
from the matter part is then the difference of Jy; and J ]’\14, as desired. Call Ap the trans-
formation parameter corresponding to B, and ¢ the fermionic transformation without this
parameter

oag(...)=Apt(...). (2.127)
The variation of the complete action with respect to this transformation yields
5a, S = /aAB (M (g = i)™+ easth™ ) + ()M AT — T30 —
—(—)MABtCMébM + ABCMéth + 0Ap <(—)M(j]\;[ — j]]‘l;l)i)M + éMtl;M> +

()M Ap(Fyy — T — (—)M Apte; 06 + Apeé g dth™ . (2.128)
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One can easily complete this transformation to a global symmetry of the whole action by
defining tepy = (Jpr — J]]\’/I) and tb™ = 0 and the same for the hatted ghosts. Nilpotency
(which is the reason not to make this simple choice in the case of BRST symmetry) is lost
already after changing the relative sign between the currents. The holomorphic current
for this new symmetry can then be read off to be (=) (Jy — J2)bM. In order to obtain
the proper energy momentum tensor in an OPE with jZ, this current has to be multiplied
with an additional factor of —1/2:

1

B.. = _§(sz + Pz]flm)ﬁm T %(idza + idlzla)’fg o %(aea + aeha)wza (2.129)
1 X L s A 5 L mas map oo
Bzz = _§(P2m + PL)B™ + %(idza +idls )RS — %(aaa +00" )24 (2.130)

The so defined B, is a homotopy for the energy momentum tensor T, only on the operator
level and not as an off shell current:'®

1
SBzz = —(—)M§ ((JP - J]@)fPNMCM — 286]\/’) bN —
1
—(MSM = I (a4 Ty = (DN M op P ane)  (218D)
1 1
= —§JMJM + ngthM — (—)MbprocM (2.132)
1 1
= PP+ dea00" + §ijpjm —dh 00" +
+BomOE™ + w0 ON* + KSOXa (2.133)
o (2.134)

The off-shell holomorphic energy momentum tensor instead includes II, and the hatted
fields:

1 A . 2
T = (P = IL) = STLlIY + o007 + doa00° - (pg _ H’;) +
1 N JN
+§H’;mn’;m —d" 00" — d". 00" + B,,,06™ + W ON +
+K2OXa + BemOE™ + 060N + RS04 - (2.135)

Similarly we have on shell sBzz = T5s.

3. The second BRST operator

Following the ideas of [[] we now introduce a second BRST-operator and define a relative
cohomology whose purpose is to undo the gauging of I, 96, II; and d6. We review the
essential ideas and extend the construction to an arbitrary set of constraints that generate
a first class system.

15 Attention: For Jy — J%, the double poles do not vanish!

s(In — JR) = ()M (Jp — TR FF Nare™ = 20en
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Consider a gauge algebra with generators Gy = § Jus

(G, GN] = G fX uN (3.1)

and assume that we only want to gauge symmetries which correspond to some subset of
generators G, that do not generate a subalgebra. Call the remaining generators G,

Gt = (Ga, Ga). (3.2)

In order to gauge the generators G, one has to gauge at first the complete algebra and end
up at the usual BRST operator @ = ¢ jB of the form (compare (E.120))

Q= I (Y S M e (33

The indices of the ghosts and antighosts split in the same way as those of the generators
Gy in (B2). In order to undo the gauging of G4, we set the corresponding ghosts c®
cohomologically to zero by making them exact. However, ¢® cannot be exact with respect to
@, because the BRST transformation of ¢® is already fixed to something nonzero. Therefore
a second BRST operator Q. = § j. and some new fields have to be introduced. The old
ghosts ¢* and antighosts b,, as well as all the new fields will be removed from cohomology
via the following diagram:

ba c®
Qc Qc
N /
|K  ma¢®  1-K (3.4)
Q Q
/ N
v foha

Here ¢/* and ), are new ghosts and antighosts with grading | a | +1, while 7, and ¢® are
fields with ghost number 0 and grading | a |. K will be explained below. The contribution
of the new fields to the lagrangian is

L= — (=)D + mady®. (3.5)

To comply with (B.4) Q has to be extended by a term (—)%rqc®.

1
Q= jé(—)MJMcM - (_)KibeMLKCKCL + (=) mad® (3.6)
= sb,=m, (3.7)
s = c®

One can construct a suitable (). that anticommutes with () as the commutator of ) with

74 k= 74 (=) (3.9)

(3.10)

a homotopy operator K

=
I
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kb = b (3.11)
Q. = j{jc = 0, K] (3.12)

= jé(—)“ﬂaca + (_)N%b,afaMNCNCM (3.13)

with corresponding transformations

sbar = s0kbar, +(=)N M (B arne™) (3.14)
——
7q for M=a
sep® = ¢ (3.15)

1
5.0% = (— )K2f Lclel = —sc®.

—

3.16)
The Jacobi identity implies

[Q, Qc] =0 and [QCa Qc] = [Qa [Kv Qc]] . (3'17)

It is thus sufficient to check dx Q. = 0, which is obviously the case, to obtain nilpotency of
the second BRST operator

[QC7QC] =0. (3.18)

Equation (B.14) differs a little bit from the diagram (B.4). That does not hurt, as m,
according to (B.7) is already BRST exact with respect to (). Physical observables are then
defined to lie in the relative cohomology of ) with respect to Q..

Part of ) turns out to be exact with respect to Q.. If we define

E= ()% + (Ja — (=)o fanc?) ° (3.19)
then @) can be written as
1 1
Q- 74 ™ = (=) 5by [ap e + 5.5 = (=)0 by fauctet -
fbaNCNC ( )ﬂ/+a+N+ab/bfbaNcNfacwcﬂ/(pa ) (3.20)

For the gauging of the roots of a simple Lie algebra all structure constants in the second
line vanish [f]. For superstrings, on the other hand

Q= %(—)O‘Jaco‘ + 5.2 — (—)O‘b'bfbaacac'a (3.21)

for the chiral sector. It may therefore be necessary to modify @ or/and K in order to get
the Berkovits BRST charge up to Q.-exact terms.

Actually, for the string there are two algebras with currents

I = (T Jas Jo) = (Wamyidsa, 00%) g = (i Ja, Ja) = (Ham, idzs, 00%)  (3.22)
Jo = (Jm, o) = (I, 960%) Ja = (i, Ja) = Mz, 06%) . (3.23)
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The detailed translation of the ghosts and antighosts and the new fields looks as follows

™) = (=", Xa) ¢t = (e, e%) = (=™ Xa)
= (bm, ca) = (Bzm, KZ) Ba = (Bma Ca) = (Azmﬂ‘%?)
M) = (=€ ) @ = (@M E%) = (=€, %)
= (bjn, /a) (Bom» K5") by = (B €)= (Bl R2)
(
(

The general equations thus translate into

L=

Sep® =
ch/m =

/
SeXa =

! 208 WL ON 4 KIOOX, + TaOp® +
+ 0L O™ + G ON + KEORG + 7a0p"

:7Tm

= Bem

= K

—(Pem — chm)fm — (idza — id];a)Aa — (00" — 89ha)Xa +
+iB2m(AY™A) + 2(K2YmA)E™ — €™ — T X
= g = —im®
_ _glm
= —isgpa = X/oz
= - ;mgm - /i{zaXOé
S
= Xa
o
Skz = _ﬂ'zmg — TzaXa — /8 ()\,Ym)\) - 2( ,z’Ym)‘)Em

= Tm + 2(K'ym )

_7Ta

= 2iBem(Y" Na + 2(Ymkz)al™
= —¢m
Xo
—i(AY™A) = sg™
2(YmA)al™ = sXa

(3.24)

and the same for the hatted fields, which are contained in the Z-component of the currents.

The new fields contribute to the on-shell energy momentum tensor in the following

way

T, — Top — (=)0 4+ ma00°
= 1y + ﬂ;maélm + ’{{zaaxg + WzaaSDG .

,20,
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Changing the composite B-field
B., — B, + b,0¢° (3.46)
repairs the on-shell relation

T, " 2B, . (3.47)

4. Operator algebra

Left moving and rightmoving sector do not mix on-shell, and we thus concentrate on the
left-moving sector only. On the operator level, we have the same algebra as in [f], namely a
Kazama algebra. The new ghosts and fields ¢/%, b}, ¢ and 74 do not disturb this structure,
but change the ghost number anomaly. For completeness, we present the algebra here

again:16
T()T(w) ~ (z{(z; 2T_(“£ (4.1)
B w -B w
T(2)5% (w) ~ (j _(w))2 + aj_(w) (4.2)
T(2)B(w) ~ (zli (Z;Q iB_(qu (4.3)
gy o 2 w) | afw) 28 o)
T(2)j* (w) (z—w)?  (z2—w)? z—w (2 —w)3 + (z —w)? (44)
— 8k () w
PEBw) ~ o+ i+ (4.5
B

P ) ~ 21 (4:6)
#(2)Bw) ~ 2 (4.7)
PR ) ~ o (4.5
B()B(w) ~ 1 (1.9

PE)0w) ~ (4.10)

with
Tzz - _%Hzmngn + dzaaea + %lemml—[lzmm - dgaaeha +
FBemOE™ + w0 0A 4 KEOXa + BLy 0™ + KEOX, + Taadp" (4.11)
jE = —(ILm — Hgm)gm — (idza — id}zla)Aa — (00 — aeha)Xa +

+iﬁzm()\'7m)\) + Q(ﬁz'Yn?)‘)fm - ﬂ'mg/m - ﬂ'g‘Xla (4'12)

1
Bx = =5 (Mo + 1y )3™ 4 5 (i + i )RS — 500 + 00" "o+ H00"  (4.13)

16We used the OPE package OPE-defs.m by K. Thielemans [@]
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jgh = Bem™ + WeaA* + K7 Xa + B,/zmg/m + “IzaXIa (4.14)
F...=—iB.m </£Z'ym(80 - (%?h)) + %(Iﬁlz"}/m/ﬂz) <Hzm — Hgm) (4.15)

7
D, = §Bzm(/‘€z7m/’€z) . (416)

The only term that prevents the algebra from coinciding with an N = 2 superconformal
algebra is the BRST-exact operator F. To turn the Kazama algebra into an N = 2
superconformal algebra, B can be made nilpotent by adding a quartet of two anticommuting
(b.,,c*) and two commuting ghosts (3.,,7'%) as it is done in [fl.}” The ghosts form a

zz)

quartet

sc? = -+ (4.17)
sBL, = —b, (4.18)

zZz

and thus do not contribute to the cohomology. Having an additional term b’ dc* + 3., 07>
in the lagrangian, this corresponds to the following new term in the BRST-current:

/

B = B A (4.19)

The term F in the algebra disappears when one changes B to

1 1
B., — B,, —23.,0¢% — #03., -V, — §c'ZFZZZ - iy’szzzz. (4.20)

The energy momentum tensor now reads
Teo = S TI 4 deqd0% 4 ST, T — 2,001 4 .y DE™ + w0200X + K3DXa +
FBL O™ + KEOXG 4 Toadp® + 26,077 + 0B.,0F + 20,,0¢% + Ob . (4.21)
and the ghost current becomes
JE" = Bem€™ + waaA™ + KXa + Blp€™ + KO XG + VLod® + 2000 (4.22)

The resulting current algebra is a twisted N = 2 superconformal algebra, as was already
shown in [f:

T(2)T(w) ~ (zz:(:z;? + iT_(ug (4.23)
B,y B,
T(2)5° (w) ~ (j _(w)2 aj _(w) (4.24)

n [ﬂ] this quartet is called (b..,c*, 3:-,7"), and b.. and ¢® are later identified with the worldsheet
diffeomorphism ghosts. However, we disagree with the final BRST charge Q of [ﬂ], egs. (6.1)—(6.3), because
it is not nilpotent. In particular, the operator Qv defined in (6.1) does not square to zero. It might be that
the resulting terms are Q). exact, which would be enough to build a relative cohomology, but we decided to
seperate the steps of making B.. nilpotent via a first quartet (b.,,c*, 8..,7*) and of including worldsheet
diffeomorphism invariance via a second quartet (b..,c*, B:2,7%).
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T()BW) ~ s+ (4.25)
T(2)7% (w) ~ - Elw)?’ (f—(w§2 ajg_(w) -= Elw)g N (jg_ (w))2 (4.26)
by L ) | T(w)
I#)B(w) (z—w)3  (z—w)? z-—w (4.27)
W
P w) ~ T (1.29
() B(w) ~ 2 (4.20)
P W) ~ (430
B(2)B(w) ~ 0. (4.31)

The usual structure can be seen by defining operators T=T- %ajgh, J = j& Gt =
jB,G~ = 2B. This is basically a topological twist in 7. The central charge of the super-

conformal algebra becomes ¢ = —93:
fﬂ@f@””(z?iy (g?z;4f??? (4.32)

Pet ~ Y (i'_G;(;“ ) 4 afi(;”) (4.33)

T(2)J(w) ~ (ZJ_(“;U))Q - (ZJ_(I:U) = (ZJ—(ZU)J)Q (4.34)

GTEE W) ~ <ff/fi>s i <§ i(z))Q - QT(wz) - 3J(w) (4.35)

J(2)GE (w) ~ %(Z) (4.36)
ﬂ@J@QN(Z7iP (4.37)

5. Worldsheet diffeomorphism invariance

In order to implement worldsheet diffeomorphism invariance, we would have to gauge the
symmetry corresponding to T.. The algebra (especially (f.27)) tells us that we then also
have to gauge B...'® We have not explicitely performed this gauging, but after gauge fixing,
one expects the additional terms ¢ (T, + %thgp) +79%(B.. + %ngp) as given in [0, p.125].
This was of course the idea in [ff], but there the final BRST operator was not nilpotent
as mentioned in footnote [[7. We now add the topological quartet (b,.,c?,3;.,7*). This
quartet itself obeys an N = 2 superconformal algebra, if one defines

TiP = 28..07" + 0B.27" + 2b..0¢” + 0b..c? (5.1)

1811 the twisted theory, this would mean gauging one of the supersymmetry generators and thus estab-
lishing N =1 SUGRA.
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JEAP = by (5.2)
B;gp = —20¢" 3., — 0.,
jgh,top = b,.C" + 28,77 (5.4)

The ghosts decouple from the cohomology because

sc® = —+*
$Bz2 = —bss.
And the lagrangian is of the form
LPP =b,,0¢% + (.,07° . (5.7)

We want to keep T' BRST-exact, and therefore we need jf’mp as part of our final BRST
current:

T,. = [Q, B:.] (5.8)
TP = [Q*P, BLP] (5.9)
= [Q+Qt°p+ f{ c (Tzz%T;gP) +7* <BZZ+%B§‘;1‘)> , Bzz+B;gp] =T, +T% . (5.10)
The final BRST current now reads
iy = = (Mo —T02,)E™ — (id.q — id, )N — (90% — 06" *)xa +
FiBzm(M™A) + 252 YmA)E™ — T — TaX + 0.7+ by +
65 (Tea 2 TP) 47 (B 4 5 BP) (5.11)
with
T, = _%nzmngﬂ + deud0” + %Hgmn’;m AP 00" 1 B D™ 4 wa0dN + KCDYa +
FBom 0™ + KLOX G + aa0p® + 28,077 + 0B..A" + 26,,0¢% + 0V, .¢*  (5.12)

1 , ,
Beo = =5 (L +114,)8" + S (iduq + id2o)KS — 5(96% + 00" o +
1 1

+8.,,00" + KX0p* — 26, 0c% — FopL, — b, — §C,ZFZZZ — ifylztI)ZZZ. (5.13)

The final energy-momentum tensor, composite B-field and ghost current are

T, =T.. + T =T, + 26,07 + 0B..7* + 2b..0c* + Ob.c* (5.14)
B.. = B.. + B = B., — 20¢* 8.. — ¢*00.. (5.15)
P = Bon™ + waa A + EXa + Bl ™+ KX +

FOLF 2600 + b 4 2677 (5.16)

Up to this point the above considerations were independent of the second BRST op-
erator. The straightforward definition Q. = [Q, K| with the simple homotopy K that we
used above, unfortunately, does not yield a nilpotent Q. because of quadratic and cubic
antighost terms in the generators F,., and ®... in eqs. ([.15) and (f.16), whose contribu-
tion to Q does not vanish in Q2 = —1[Q, [K, [K, Q]]].
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6. Conclusions and outlook

Starting from the classical Green Schwarz action we have constructed the type-1I version of
the covariant superstring of Grassi, Policastro, Porrati and van Nieuwenhuizen. In the first
part of the paper we were aiming at a transparent discussion of off-shell symmetries and
their relation to the on-shell constraint algebras. The gauging of the WZNW model was
performed in an unconventional way that was guided by the cancellation of the central terms
in the constraint algebra. Circumventing the complications of the super group manifold
approach we thus arrived at a free action with a nilpotent BRST charge in a simple and
straightforward way.

The next step was the construction of the second BRST charge ). along the lines
suggested by Grassi and van Nieuwenhuizen in [f. Such a charge is easily constructed
using a homotopy, which implies nilpotency due to the Jacobi identities. A modification of
our charge may, however, be necessary, because the difference to Berkovits’ BRST operator
is not yet . exact.

One problem of the Berkovits approach that could be solved in [ff] by adding the
topological quartet is the absence of diffeomorphism ghosts. With this quartet they also
converted the Kazama algebra into a twisted NV = 2 algebra. We observe, however, that
one first has to obtain N = 2 with an additional quartet before diffeomorphisms (together
with the accompanying fermionic symmetry) can be gauged.

Once the free action and the BRST charges that define the relative cohomology are
constructed, it is clear that a number of tests concerning the viability of this proposal
should be made. Another crucial question is the possible coupling of background fields,
which again can be studied by cohomological techniques of deformation theory. It would
be quite interesting to gauge the world sheet translations and their fermionic partner
symmetry and thus obtain the topological quartet through a gauge fixing procedure of a
diffeomorphism invariant theory on the world sheet.
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A. Conventions
The main differences between our conventions and those of [ are:

p— —p (A1)
d — —d (A.Q)
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(ﬂzm, Wzas ’{?a bzza Bzz) - (_/BZWLa —Wza» —Ii?, _bzza _Bzz) (A3)

I # Ty Ty J), T £ (J™iJ%, —iJ%) (A.4)

but Jyr = (Jm, Jas Jo) = (Jms Ja, —1J) (A.5)

JM = (gm Je Jey = (J™, %, —idy) (A.6)

HMN (LN MN (A.7)

fun = =X un. (A.8)

All other conventions are practically the same to make comparison most simple. This

includes a metric of the signature (—, +) and the definition of the lightcone coordinates in

the way

o = %(O’l - — %(01 +i0?) = 2 (A.9)
ot = %(01 + oY) = %( L _io?) =z (A.10)
0=0_ =8, -8 "7 9 —id=0.=0 (A.11)
=0, = +8 " 9 4idh=0.=0 (A.12)
g—+ = 2= gzz (A13)

— 1 2z
gt = 297 (A.14)

The right hand side is the definition of the complex coordinates of the euclidean theory.
We do not distinguish between 0_ and 0, and call both of them 9. The conformal map of
the closed string worldsheet to the punctured complex plane has to look as follows

/ —2iz

1,2
7 =e = e 0 T

(A.15)

We will not distinguish between z and z’. In OPE’s, the variable z is the one of the
punctured plane.
Wherever the string parameter o’ is suppressed, it is set to

ol =2. (A.16)

For the representation of the Gamma matrices, we refer to [f, p.14]. All what we need

crm = e O
- 0 ,.Ymaﬂ :

With symmetric matrices Vet and 4™ % which both obey (up to the position of the indices)

from the discussion in there is

(A.17)

a Fierz identity of the form

Ym(apVyys = 0- (A.18)
In addition the following equation holds
Yo" g™ = =28y, (A.19)
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(Here we disagree with the sign of [fi, p.16]). For a Dirac spinor ¥ = (¥%, ¢, ), we thus
have

DT = Py’ + 0ay™ g = (Y™ Y) + (p7™ ) - (A.20)

We will consider Majorana-Weyl Femions only. 0% e.g. is real and has 16 components. A
hat " on the index allows to treat type-ITA and type-IIB strings at the same time:

4é — { 6, for type-1IA

. (A.21)
0« for type-I11B.

In the text we often call the hatted variables “antichiral” and the others “chiral”. This

refers to “right-moving” and “left-moving” and does not necessarily imply type ITA.

A.1 Minkowskian and euclidean lagrangian

The minkowskian free field action is

S = 2730/ /dZU\/—_g <—%6me6“xm —i—PWpHa&,Ga) (A.22)
=c

d*c = do%do? (A.23)

PR = gt 4 el | N = diag(—1,1) (A.24)

et = o M =1=—¢". (A.25)

B

In our calculations we consider coordinates ¢° and ¢! for which we have a flat worldsheet
metric n*¥ and stick to this 0¥ as the canonical time. This implies that we do not transform
the measure, when we consider the Lightcone coordinates. We denote by £ not the complete
lagrangian but only the inner (scalar) part

1 m 174 (6%
L= —§8Mx My 4+ P*'puad,0%. (A.26)

So if we change to lightcone coordinates, we do not have to consider a factor of 2 coming
from y/—g . One can then just write an equality of the form

1
L = —3 " Oy + P pyua 0,0 (A.27)
= —%Bmmémm + p_a00”. (A.28)

We arrive at the euclidean action by replacing the minkowskian by an euclidean metric,
multiplying with an overall minus sign and redefining £*” with an extra .

1 1
SF = ~5 / d’o\/g <—§8Mxm8“xm + Pﬂ”pwayea> (A.29)
=LE
d%o = do?do? (A.30)
PH = gh 4 et (A.31)
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1eHv
\/g )

For a flat metric we thus do not have to distinguish between minkowskian and euclidean

e = ?=1=—¢1. (A.32)

[T

lagrangian, so we will use the indices “—” and “z” synonymously.
Switching to complexr coordinates in some sense undoes the Wick rotation as the de-
terminant of the metric becomes negative. The measure transforms as follows

) . .
@z = dzdz = § (do! +ido?) (do' — ido?) = Sdo’do’ = S’ (A33)
d?o = —2id*z (A.34)

. L )
SCE;mp = % dQZ <_§8xmaxm +pzo¢80a> (A35)
‘cg)mp
|
e = 5= et (A.36)
Erz — 2= E_4 . (A37)

In explicit calculations we do not specify whether we are in the euclidean or in the
minkowskian case and thus just write

S= / c (A.39)

where all the necessary prefactors and the measure are part of the [-sign. As it looks nicer,
we will write the index z whenever we are either in lightcone or in complex coordinates.
We treat these coordinates in the same way, as already mentioned.

A.2 Superspace-conventions

Similar to [, we use strict Southwest-Northeast conventions (NE for short) for capital
indices, i.e. they are contracted in the following way:

Ty dM = (-)M M1y, . (A.39)
In this convention it also makes sense to introduce two different Kronecker-deltas:
M =My = (m)MNspyM = (—)MsyM (A.40)

where the lefthand side is numerically equal to the usual Kronecker delta. However, we do
not make this distinction for small indices, because they are always of definite grading

0P =06, =0",. (A.41)

Also the contraction direction (NE) is not important for the small indices. For matrices
we define a graded inverse that yields the appropriate Kronecker delta. In the case of a
metric the graded inverse gets the same symbol with different index positions:

HypHIN = oy = ()Mo (A.42)

,28,



()Y PHMPHpy = 6My =63 (A.43)

From the second line one sees how the graded inverse is numerically related to the ordinary

inverse:

(HHMP = (—)PHMP, (A.44)

We denote the graded commutator always with the ordinary squared brackets:

[A,B] = AB — (—)"BBA. (A.45)
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