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1. Introduction

The general statement of the AdS/CFT correspondence is thought to be that the sum over

all geometries with fixed boundary conditions is the same as the partition function of a
(conformal) field theory living on the boundary [fil, #, f.



A puzzle arises if we have euclidean geometries that have more than one disconnected
boundary and are connected through the bulk.! In this paper we explore this puzzle.
Our main results are the construction and analysis of a variety of examples of euclidean
geometries with two boundaries. We have found examples where the field theory at each of
the boundaries seems perfectly well defined. The theorem in [f], fij, shows that one cannot
find examples with positive boundary curvature which solve Einstein’s equations with a
negative cosmological constant. We found examples once we turn on additional Yang-Mills
fields.

The configurations we describe are similar to wormholes in the sense that they con-
nect two well understood asymptotic regions. Our geometries are solutions of the ten or
eleven dimensional supergravity actions that arise in string theory. In previous examples
of wormhole-like solutions either the two asymptotic regions were not as well understood
or they were not solutions of the ten or eleven dimensional supergravity actions [ [[L4]

In section f] we discuss some general properties of the solutions we have found. In
section | we discuss the simplest examples based on quotients of hyperbolic space. In
section [] we discuss an example closely related to the standard AdSs x S” solution, where
the boundary field theory is twisted by the fields of a meron. In section ] we discuss an
example closely related to the AdSs x S° solution, where the boundary theory is twisted
by an instanton. In section | we point out some of the puzzles raised by these solutions
and we speculate on their possible resolution.

2. Generalities

In this paper we consider only euclidean solutions. We will analyze solutions which are
asymptotically AdS. We study solutions that have two disconnected boundaries, which are
connected through the interior. In this sense they are similar to the euclidean wormholes
considered in [[f] which connect two asymptotically flat regions. The typical form of the
metric for these solutions is

ds® = dp® + w(p)st%d (2.1)

where ¥ is a compact surface and w(p) ~ el?l as p — +oo. The two disconnected bound-
aries are at p = +oo. Most solutions we consider are reflection symmetric around p = 0.
These solutions have the interesting property that they can be analytically continued into
lorentzian signature by replacing p = ¢t. This analytic continuation describes closed uni-
verse cosmologies with spatial surfaces given by 3 which expand from a big bang and
collapse to a big crunch, see figure [l.

Our main motivation was to find the field theory interpretation of these solutions. In
particular, we wanted to find the field theory interpretation of the closed cosmologies. We
could not find a definitive answer for these questions and we offer some speculations at the
end of the paper.

Lorentzian geometries with multiple asymptotic boundaries are such that boundaries are separated by
horizons [E], as long as the boundaries have more than one dimension. In this case one can interpret the
geometries as dual to entangled states of the various field theories living on each boundary.



In most of this paper we focus on con-
structing various solutions that have the gen-
eral form (R.1). Before we describe each par-
ticular case we would like to describe various
general aspects of the solutions. Since theso- 771~
lutions are asymptotically AdS our first goal
will be to understand whether the boundary

conditions are stable. For example, we want

to make sure that we cannot decrease the ac- @ (b)
tion by creating a brane in the interior and

moving it all the way to the boundary. Figure 1: In (a) we sketch a euclidean geom-

These are asymptotic instabilities which etry with two boundaries and with a reflection

symmetry around p = 0. In (b) we sketch the

arise near each boundary independently and
y p y lorentzian geometry that results from the an-

do not come from the fact that the solution alytic continuation p — it. Tt describes a big
has two boundaries. They are related to the pang to big crunch cosmology.

fact that the corresponding boundary field

theories are not well defined, the boundary theory would not have an action that is
bounded below. Examples of these instabilities were discussed in [L5], where an insta-
bility of this type was found when the boundary has negative curvature. In the field
theory they arise due to the conformal coupling of the scalar fields — negative curvature
translates into an effective negative mass for the scalar fields. One can go around this
problem in two ways, one is to consider positive curvature boundaries. The second is to
consider a two dimensional field theory which can be defined on an arbitrary Riemann
surface.

Once we consider the two boundary solution it can happen that the bulk euclidean
action has some negative modes. This would mean that the solution is a saddle point
but not a local minimum. Of course, the euclidean gravity action is not positive definite
due to the conformal factor of the metric. This is a problem even in usual euclidean AdS
space. Here we will use the prescription in [[§], which consists in analytically continuing
the integral over the conformal factor to imaginary values. If the solution is asymptotically
stable, then any possible negative mode will be localized in the interior, in the region
connecting the two boundaries. Some of the solutions we found have negative modes and
some do not.

In most of the examples we found, it is possible to find other configurations which
have the same asymptotic boundary conditions but consist of two disconnected spaces
attached to each of the two boundaries (see figure P). The simplest such example is to
add an end of the world brane at p = 0. This end of the world brane could arise from
an orbifold or orientifold involving the p direction and any number of internal dimensions.
But the disconnected geometries could also be a bit more complicated. We will present
some examples below.

Beyond perturbative instabilities, we could ask if there is another configuration with
lower action. In some cases we find that there is. Then the wormhole solution is, at best,

local minimum but not global minimum.



One can wonder if there is a supersymmetric solution with two boundaries. We did
not find any simple example. There is a simple argument that rules out solutions of the
form (B.T]), with a reflection symmetry at p = 0 which analytically continues to a time
reflection symmetry. These solutions cannot be supersymmetric since lorentzian super-
symmetric solutions must have a timelike or null killing vector [[7]. But it is clear that the
analytic continuation of (R.I]) cannot have such killing vectors if the spatial sections are
compact.2

Finally we should point out a difference between the wormholes we find and the axionic
wormholes discussed in [[j]. An axionic wormhole in AdS is such that the two wormhole
ends can be moved around AdS by the AdS isometries. In contrast, in our solutions some of
the AdS isometries are broken by the boundary conditions in such a way that the wormhole
ends are localized in the central region of the geometry, which would correspond to the IR

of the boundary theory.

3. Quotients of hyperbolic space

The simplest example is constructed as follows [[§]. Let us start with the euclidean AdS
(or hyperbolic space) metric written in terms of hyperbolic slices

2 2 2 7.2
ds,,, = dp” + cosh” pdsy, (3.1)

where p € (—00,00).

Even though the coordinates in (B.]) seems suggestive of two boundaries at p = +oo,
these spaces have only one boundary, which is a sphere S% This can be checked by a
conformal transformation or by following the coordinate transformation between (B.1) and
the sphere slicing. More explicitly, each boundary would be a hyperbolic disk H;. However
the two disks are joined at their boundaries. In fact, we can think of each disk as half of the
sphere S¢. In other words, when we consider a quantum field theory in hyperbolic space
H,, we need some boundary conditions at the boundary of Hy. In this case the boundary
conditions are the following. We take two disks and put “transparent” boundary conditions
at the boundary, i.e. the boundary conditions we have when we consider the sphere and we
separate the sphere into two hemispheres. This situation was studied in [[9]. Of course, we
could consider the field theory in hyperbolic space Hy; with other boundary conditions (i.e.
non-transparent boundary conditions). We expect that this will introduce an end of the
world brane at p = 0. The precise form of this end of the world brane will depend on the
boundary conditions. For example, we can consider the M2 brane field theory and put the
boundary conditions that result when an M2 brane is ending on the M-theory end of the
world brane. The supergravity solution is (B.I]) with an end of the world brane at p = 0 so
that we have only one boundary. In general, this end of the world brane can be an orbifold
or an orientifold which reflects the p coordinate and any number of internal coordinates.
This orbifold or orientifold should which should be consistent with the RR fluxes present

in the system.

2If the spatial sections are non-compact then one can have supersymmetric solutions of this form. An
example is AdS space written in the hyperbolic slicing.



We can now make a quotient of hyperbolic slices Hg in (B.1) by a discrete subgroup of
the hyperbolic symmetry group, SO(1,d). We can pick this group I' so that ¥4 = Hy/T
is a compact, smooth, finite volume surface. Now the resulting space has a metric of the
form (R.1]) with two disconnected boundaries.® In the case d = 2, 3 is a constant curvature
Riemann surface of genus g > 2.

The lorentzian continuation of (B.1) gives a big bang/big crunch cosmology considered
in [27).*
3.1 Perturbative analysis

Here we consider potential perturbative instabilities. We consider a metric of the form
2 _ 52 2 .2
ds” = dp” + cosh” pdss,, (3.2)

where ¥; = Hy/T' is a constant negative curvature compact manifold. Let us consider
scalar fields. We will be interested in eigenfunctions (—V?2 +m?)¢ = \¢ with A < 0 which
are normalizable. The lowest values of A will be achieved for functions that are independent
of the coordinates on ¥4. After the change of variables (1 — w) = cosh? p the eigenvalue
equation becomes a hypergeometric equation with parameters

d d\? m2 d d\? m2 1
a—Z—i- (Z) +T’ ﬁ—z— <Z> +T’ T=3 (3.3)

where m? = m? — X\. The two solutions are F(a, 3, %;w) and w1/2F(% + a,% + B, %;w).
Both are regular at p = 0 in terms of the p coordinate. Demanding that the solution is
normalizable at infinity we find the condition

<g>2+m2:g—n (3.4)

where % >n > 0 is an integer. We can rewrite this as

)\:<A—§>2—<g—n>2; A:g+ <§>2+m2. (3.5)

We see that we should worry about possible negative modes only for relevant operators.®
The reader might be puzzled by the following. We know that in AdS we do not have
any negative modes, then: why do negative modes arise when we write AdS in hyperbolic

3The boundaries are connected through the bulk, but they are disconnected through the boundary.

4 [@] proposed a description of these cosmologies in terms of a quotient of the lorentzian boundary theory.
It is not clear how to construct these theories. Here we are suggesting that the cosmological solutions are
somehow related to the well defined boundary euclidean theories. However, we did not specify the precise
relation.

5Negative mass square fields can sometimes have more subtle boundary conditions which lead to an
expression for the conformal weight involving the other branch of the square root in (@) [@] In these
cases the first expression in (@) is still valid (but there is a minus sign in the second).



coordinates? The point is that these negative modes are present only after we quotient the
constant p slices. If these slices were non-compact hyperbolic spaces, as in (B.1)) then there
would be no negative modes since the wavefunctions need to be normalizable on these slices
and this forces them to vary along these constant p slices.®

Let us consider some examples. Let us set d=2 so that we are considering AdSs/CFT5.
In particular, we consider the example of type-IIB string theory on AdSs x S x K3. This
theory has fields that correspond to operators with conformal weights A = Lo + Ly =
1,2, ... In this case, there are no negative modes but a zero mode appears for an operator
of A = 1. This operator has spins (1/2,1/2) under SU(2);, x SU(2)g rotations of S3. We
can project it out if we quotient the theory by a Zy C U(1);, C SU(2)z. This quotient
does not lead to fixed points and removes the potentially problematic field. The resulting
conformal field theory at the boundary has (4,0) supersymmetry and was studied in [R3].

As another example, set d = 4, so that we have AdS5/CFTy, then 2 < A < 3 leads to
negative modes and A = 3 leads to a zero mode. In the case of AdS5 x S5 we have operators
with A = 2,3 in the spectrum. In this case we can analyze in a bit more detail the action
of one of the zero modes associated to operators with A = 3. We choose the operator that
gives an equal mass to three of the four Yang Mills fermions. Then the classical action for
the corresponding field has the form [@]
2¢

34 (Cosh %> " 4 deosh \2/%] . (3.6)

This lagrangian shows that the quartic order term in ¢ is negative, so that what started

1., 3
L~ 5(09)" - ¢

out at as a zero mode in the classical approximation ends up as a negative mode.

In this example one could imagine projecting out all operators with A < 3 by per-
forming a quotient on the fivesphere, AdS5 x (S°/T'). If T' contains elements that have
fixed points on S° then we have to worry about the extra fields that can live at these fixed
points. On the other hand, it is possible to see that there is no subgroup of SO(6) that
does not give fixed points and, at the same time, projects out all the A = 2 operators,
which are in the 20 of SO(6).”

Finally note that a quotient of euclidean version of the solution [P7] gives us a config-
uration where the value of the dilaton in the two asymptotic boundaries is different.

3.2 Non perturbative instabilities

For these manifolds further instabilities arise due to possible brane creation. These are
backgrounds with a p-form field strength, so we should worry about the possibility of cre-
ating branes that screen, or partially screen, this fieldstrength. This problem was analyzed

SThere have been a few results in the mathematical literature, concerning the spectrum of the scalar
laplacian in complete hyperbolic manifolds, in their quotients and in more general asymptotically hyperbolic
Einstein manifolds. It was shown that for the complete hyperbolic manifolds, the eigenvalues are always
continuous and greater than d?/4. For quotients of such spaces, and for other asymptotically hyperbolic
manifolds, there can be also discrete eigenvalues below d?/4. The exact statements and conditions for their
existence can be found in [@]

"This can be shown easily for abelian subgroups. For non-abelian subgroups the classification in [@}
and [@] shows that all non-abelian subgroups lead to fixed points.



in [[§]. We now summarize that discussion. We consider a euclidean (d — 1)-brane wrap-
ping the d dimensional slices of the metric (B.1]). We assume that the brane is charged
under the same (d + 1)-form potential whose field strength supports the background. In
units where the AdS radius is one its action can be written as

2d
24(d — 2)

where we extracted the leading dependence for large p. We see that for large p the leading

P
S ~ (Area — d Volume) ~ (cosh p)¢ — d/ dp' (cosh p')4 ~ 2P ... (3.7)
0

contribution to (B.7) is negative, so that if we create a brane antibrane pair and we move one
of them to p — +00 we can decrease the action. In fact, for large p, the position of the brane
can be viewed as a conformally coupled scalar from the field theory point of view. Since
the field theory is on a negatively curved space this conformal coupling leads to an effective
negative mass term for the scalar, which causes an instability. This instability under brane

creation is a non-perturbative instability, in the sense that we need to overcome a barrier of

1
gS . . .

have compactified the constant p sections. If we do not compactify them then the negative

order % ~ = in order to create the branes. This discussion holds for situations where we
mass of these scalar fields is not a problem since a conformally coupled field obeys the

Breitenlohner-Freedman bound in d dimensions. In fact, for a conformally coupled scalar

2

Zonf —R*m%, = i where R is the radius of hyperbolic

in hyperbolic space, H%, we have R?>m
space, Meonf 1S the effective mass that results from the coupling to the constant negative
curvature for a conformally coupled scalar and m gr is the Breitenlohner-Freedman bound.

Note that the instability that we are discussing here has nothing to do with the fact
that the manifold has two boundaries, it is purely due to the asymptotic geometry near
each of the boundaries. It would be present as long as the boundary has negative curvature
and the spacetime solves Einstein’s equations [[5]. So in these cases the CFT is not well
defined and we cannot find a minimal action spacetime configuration with these boundary
conditions. See [P§ for a more general discussion on the boundary manifolds which lead
to instabilities of this type.

One would expect that adding a large enough mass term to the lagrangian would
remove the instabilities. For example, in AdSs x S® we can turn on the operator that
turns on a mass for three of the fermions. This also induces a mass for the scalars by
supersymmetry. When the field theory is in flat space these deformations were considered
in [24, R9]. One could repeat their analysis on a negatively curved hyperbolic space. It could
be that the fivebranes that appear in flat space [R9] will also appear here and disconnect
the two asymptotic regions.

3.3 Correlation functions

We can compute the correlation functions of boundary operators using gravity. Before do-
ing the quotient we can compute the bulk to boundary propagator in hyperbolic coordinates

and we find 1

G(r, p;rg) ~
(r.pio) (cosh p)2 [cosh s — tanh p

]A (3.8)

where (7, p) label a point in the bulk, o labels a point in the boundary and s is the distance
between the points r and ry measured with the boundary hyperbolic metric.



Now we can compute the two point function by taking p — oo, renormalizing by a
factor of €2? to obtain®

1

O(r,0M,0(",0'")) ~ ——— 3.9
(O 092060 ~ s 39)
for operators on the same boundary and
. ; 1
O(r,0M,0(r',0™")g) ~ —————~ 3.10
(O(r, 0" )10(r", 67 )2) cosh s/ 2 (3.10)

for operators on opposite boundaries, where s is the distance between the two points mea-
sured with the boundary hyperbolic metric. This is the result for non-compact hyperbolic
slices. If we want to consider the theory on the quotient Hy/T' we need to sum over all
images.” This sum over images might diverge. By estimating the sum as an integral one
can see that the sum converges if A > d—1. It is interesting that this is the same condition
that eliminates zero and negative modes for the field in the interior (see (B.H)). We see that
after summing over images the correlator across the two boundaries (B.9) will generically
give a non-zero answer with some coordinate dependence.

Note that if the operators in (B.g) carry any charge under a global symmetry then these
correlators vanish due to the fact that there is a gauge field in the bulk whose Gauss’s law
prevents any charge transfer across boundaries. In other words, even though the correlators
computed as in (B.10) are nonvanishing the full result vanishes once we integrate over the
gauge field in the bulk that is associated to the global symmetry in the boundary theory.
The net result is that there is no charge transfer among the two boundaries.

3.4 AdSs3 and the change in moduli of Riemann surfaces

In this subsection we consider the three dimensional case (though similar remarks might
apply to higher dimensional cases). If we have a 2d Riemann surface of constant curvature
this surface will have moduli ¢t* which specify its shape. The moduli of the 2d Riemann
surface can be different on the two sides. In fact there is a theorem (“the Bers simultaneous
uniformization theorem”), which states that the solutions are in one to one correspondence
with a pair of points in Teichmuller space [BZ]. These two points are the values of the moduli
of the 2d Riemann surface at the two boundaries. We can represent a Riemann surface as
the quotient of Hy by a fuchsian discrete group I' C SL(2,R). If we quotient H3 by the
same group, I', now viewed as a subgroup of SL(2,C) we end up with a geometry where
the moduli of the Riemann surface are the same on the two boundaries. Quotienting H
by so called “quasi-fuchsian” groups gives us three dimensional spaces that join Riemann
surfaces with different moduli.

In addition, given a Riemann surface on the boundary, it is possible to find a geometry
that ends on it and has no other boundary. This is a geometry that results by quotienting

8The correct method is a bit more involved, but this gives us the correct result up to a A dependent
factor [@, EI]

9The sum over images gives us the result when we neglect interactions in the interior. Once we take into
account interactions the result is not given by the sum over images. Correspondingly, the full gauge theory
correlators are not given by a sum over images since the field theory is an interacting field theory.



Hj by a so called Schottky group, see [BJ] for further discussion.!'® It would be nice to see if
the geometry with disconnected boundaries has larger or smaller action than the geometry

which connects the two boundaries.!!

3.5 A rather stable example

Let us consider an AdS3/CFT, example. An ordinary two dimensional conformal field
theory can be defined on any Riemann surface. On the other hand we saw above that
there is generically an instability under brane creation. In the two dimensional case the
computation in (B.7) gives an action going like S ~ —p, for large p. We should note however
that the computation in (B.7) assumed the existence of a D-brane in the bulk whose tension,
T, is equal to its charge, ¢, (in some units), so that the leading contribution to (B.7) cancels.
In supersymmetric backgrounds we have a BPS bound ensuring that T' > ¢. However there
is no particular reason why there should exist a brane that saturates this equality.

Let us be more concrete. Consider the example of AdS3 x S3 x K3. Let us consider
this system with @)1 units of NS electric flux on AdSs3 and @5 units of NS magnetic flux
on S3. If the values of all RR fields on the K3 vanish then a fundamental string (or an NS
fivebrane) has T' = ¢ and leads to an instability as discussed above. In [[LF] it was observed
that the dual conformal field theory is singular since its target space is non-compact. This
target space can be thought of as the moduli space of @)1 instantons of SU(Q5) gauge
theory on K3. This non-compact region comes from small instanton singularities. If we
turn on some particular RR fields on K3 then the instantons become non-commutative
instantons and the small instanton singularity is removed. In fact, this is the situation at
generic point in the moduli space of the boundary CFT if )1 and @5 are coprime. In this
situation we find that all branes in AdSs will have T > ¢. If Q1 and Q5 are large then we
can find branes whose charges are closely aligned with @)1, Q5. In this case the action (@)
becomes

S = T(Area) — 2q(Volume) = T'(cosh p)? — g sinh 2p — gp ~ %[6€2p —4p+2]  (3.11)

with a small ¢ = % > 0. We see that for large p the action (B.I1]) is positive. This
means that the asymptotic boundary conditions are stable. We can mod out the theory by
a Zy C U(1), € SU(2);, € SO(4), where SO(4) is the group of rotations of S®. Then it is
possible to remove all perturbative instabilities. The dual CFT corresponds to the theory
we obtain if we consider D1 and D5 branes at an Ay singularity, which was studied in [R3].
So in this case the two boundary solution is a perturbatively stable solution.

On the other hand, it is clear that for large @1, Q)5 it will be possible to find branes
with small e. If ¢ < 1 then we see that the action (B.I1]) becomes negative for some
intermediate values of p, even though it is positive for large p. So we get a non-perturbative
instability under brane creation, i.e. we can decrease the action of the euclidean solution by
creating brane/anti-brane pairs and moving them to a suitable position in the p coordinate
where (B.11]) is negative. Notice that we can only reduce the action by a finite amount
through this process. So we expect to find another solution which will indeed be stable.

19Gee also @] for more about 3-manifolds and their different quotients.
'Some lorentzian versions of these different quotients were described in [@]
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Figure 2: In (a) we see a three dimensional geometry with two boundaries. Both boundaries are
identical Riemann surfaces. These results from modding out Hj by a fuchsian group. In (b) we see
a three dimensional manifold ending on two Riemann surfaces with different values of the moduli.
These result from quotienting Hs by a quasi-fuchsian group. Finally in (¢) we see two disconnected
three dimensional manifolds each ending on one boundary. Each of these manifolds results from
quotienting Hs by a Schottky group.

Of course this system also has the solutions depicted in figure Pe. But we did not
compute the action difference between the solutions in figures Pla and Pe.

In summary, in this example we have a well defined conformal field theory which can
live on any Riemann surface. We find a simple geometry that connects two Riemann
surfaces. This geometry seems to be perturbatively stable, though it has non-perturbative

instabilities under brane creation.

4. An example based on merons

In this section we construct wormholes that connect two AdSy regions that involve SU(2)
gauge fields. These were considered in [[Z, B, B7.!* Here we will embed these solutions
in M-theory and then we will discuss some aspects of the solution.

12Tn [@] it was argued that these meron configurations do not contribute in four flat dimensions. As we
explain later, they do not contribute in AdS if we have the standard boundary conditions for the gauge
fields. On the other hand they do contribute if we impose special, non-standard boundary conditions. We
will consider this latter case below.

,10,



We start with eleven dimensional supergravity compactified on S”. This has a well
known solution of the form AdS,; x ST whose dual field theory is the theory on coincident
M2 branes or IR limit of 2+1 Yang Mills with sixteen supercharges. The supergravity
theory has a consistent truncation to an SO(8) gauged supergravity theory [Bg]. This in
turn has a truncation to a theory with just an SU(2) gauge field and a graviton. This
truncation can be understood as follows. We consider the spinor representation 8. of
SO(8). SO(8) triality maps this to the vector 8, of SO(8). We consider the SO(3) x SO(5)
subgroup that rotates the first three and the second five directions of this vector. The
truncation consists in keeping all fields invariant under this SO(5). This projects out all
the scalars of SO(8) gauged supergravity [B9. The bosonic fields are just the graviton
and the Yang Mills fields. Another way to obtain this truncation is first to consider the
SO(4) truncation studied in [0] and then further truncate it to the diagonal SU(2) in
SU(2)r x SU(2)g = SO(4). It is useful to understand how this SU(2) subgroup acts on the
original vector representation of SO(8), i.e. the representation which the scalars on the M2
brane belong to. If we divide the 8 scalars into 44+4 we break SO(8) to SO(4) x SO(4).
Each of the SO(4) factors is a product of two SU(2) groups. The SU(2) we are interested
in is the diagonal combination of an SU(2) coming from each of the two SO(4). In other
words the 8, of SO(8) transforms a pair of 2s of SU(2).

In summary, we end up with the action
S~ N3/2 / d'z\/g [-(R+6) + aF},F*"] (4.1)

with o = 1. We have chosen units such that the radius of AdS is one for the solution with
F =0, and the gauge field is normalized so that the connection is given by A = i(’—;Aa and
F =dA+ A2

4.1 A simple one boundary solution

If we take a gauge field such that F' = +x F', then its stress tensor is zero and the geometry
is still AdS4. One way of viewing this solution is the following. AdSy is conformally
flat. Since the self duality equations are independent of the conformal factor we can take a
solution in flat space and translate it to a solution in AdSy. There is, however, an important
point. AdSy is conformal to the interior of a unit ball in R*. This implies that with the
generic instanton configuration the gauge field at the boundary of the unit ball will not
vanish, more precisely, it will not be pure gauge. This means that the gauge field does not
vanish at the boundary of AdS. Therefore the dual field theory is not the usual field theory
on coincident M2 branes. It is the M2 brane field theory which has been coupled to a fixed
background SU(2) gauge connection. This connection couples to the SU(2) currents which
are part of the SO(8) global symmetry currents of the theory. In appendix [A.f] we write
the action for a single M2 brane.!> Even though an instanton preserves supersymmetry
in flat space, once we are in AdS it no longer preserves supersymmetry. Furthermore,

3There is no lagrangian for multiple M2 branes. It is not clear how to write a lagrangian for 241
super YM that will flow to the one we are considering since the SU(2) subgroup we are dealing with is not
contained in SO(7), which is the symmetry group of 2+ 1 SYM with 16 supercharges.
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the boundary conditions themselves break supersymmetry. So we are dealing with a non-
supersymmetric deformation of the coincident M2 branes theory. In appendix we prove
these assertions.

If we consider a single instanton at the center of R*, this gives us a configuration that
is spherically symmetric, up to gauge transformations. The gauge field can be written as

A% = fu® (4.2)

where w® are the left invariant one forms on S2 and f is a function of the radial coordinate,
see appendix A1 for more details. The self duality conditions for the instanton imply that
in R* f obeys a first order equation that is solved by setting f~' =1 + :—é, where 7 is the
radial coordinate on R*. In terms of the AdS, metric ds? = dp? + sinh? pds%g, we find that

fpsinh? p/2

" cosh? p/2— fB (43)

When p — oo this asymptotes to the boundary value fp. When fp = 1/2 we have precisely
half an instanton in AdS.

For each value of the boundary condition, fp, there are at least two possible gauge field
configurations in the interior. One corresponding to a instanton and one corresponding to
an anti-instanton in R* with the same boundary value of the fields at the unit sphere in
R*. The action for these self dual configurations can be computed in terms of the instanton
charge inside AdS and it is equal to

SsalfB] = aN16f5(3 — 2fp) (4.4)

for the self dual configuration, where N is an overall factor common to all computations
we are doing.'* For the anti-self dual configuration we find S,.q[fB] = Ssa[l — f5]. In
the particular case fp = 1/2 both are equal. The gravity part of the action is equal to
Sgray = 4N after subtracting the usual counter terms, see appendix A.2. So the total
action for the fp = 1/2 case is

St bdy = (4 + 804)./\/. (4.5)

An interesting configuration is the zero size instanton. In this case it seems that the
solution might be supersymmetric (we are not sure because we cannot trust supergravity).
It is also a solution with the same boundary conditions as the usual AdSy x S solution. It
would be very nice to figure out the role that these zero size instantons play in the physics
of AdSy x S7. If we start with AdSs x S7 with fg = 0 and we increase continuously fg
to fp = 1, then we end up with a zero size instanton in the interior. On the other hand
fB =1 is gauge equivalent to fp = 0. So this sum over zero size instantons is necessary to
make sure that the field theory is invariant under large gauge transformations.

M A/ is equal to the normalization factor of (@) outside the integral times the volume of S*, Q3 = 272.
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4.2 A two-boundary solution

Now let us consider the situation where the boundary values of the gauge fields are given
by (f3) with fp = 1/2. It turns out that in this case we can look for a solution with
f(p) = 1/2. This will solve the Maxwell equations, as long as the metric is SO(4) symmetric.
This is not a self dual configuration, so the stress tensor is non-zero and one should solve
Finstein’s equations. We find that the solution is given by

1 1
ds* = dp® + e*ds%s e = |a+ 1 cosh 2p — 3" (4.6)

In this solution the three sphere never shrinks completely, it has a minimum size at p =0
and it increases as p — £o0.

A natural question is whether this two boundary solution is stable under small pertur-
bations. A good candidate for an unstable mode is a mode of the form

A= F + e(p)] gdg™! with lim e(p) =0 (4.7)
2 t—-oo
where € is small, and g is an SU(2) group element, such that i%w“ = g 'dg. Inserting
this into the euclidean action and expanding to second order in € we find that indeed there
is a negative mode. See appendix [A.3 for details.

It is interesting to find the action for this configuration. For o = 1 it approximately
given by S = (30.296....)N. This action is larger than twice the action of the one boundary
solution ([L.§). This suggests that the instability we saw above will deform the two boundary
solution into two disconnected two boundary solutions.

It is interesting to note that for other values of « in the action ([.1]) the physics is
different. If o > 1.245 4+ .005 then the two boundary solution is perturbatively stable.
Furthermore the action of the two boundary solution will be smaller than the action of
two one boundary solutions when « > 3.775 +.005. We do not know of a configuration in
string theory that would give (@) with these large values of a.

5. An example involving N =4 Yang Mills

In this section we will discuss an example that is physically rather similar to the one
we found above. This example will produce again a two boundary solution, however in
this case we do not find any negative modes around the solution, so it might be a local
minimum of the euclidean functional integral. The basic idea is to start with the standard
AdSs x S° example of AdS/CFT. Suppose we could truncate the supergravity theory to a
5 dimensional theory involving an SU(2) gauge field and the metric. We could consider a
configuration containing an instanton on the S* boundary of AdS. This would lead to a two
boundary solution similar to the one we had above. It turns out that it is not possible to
perform this truncation due to the presence of Chern Simons terms in the five dimensional
theory. Instead, we will consider the consistent KK reduction to five dimensions considered
in [{1]. This is a reduction that keeps the SO(6) gauge fields and some of the scalar fields
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parameterizing deformations of the five-sphere. The reduced action is

1 1
L5 =R x1- ZT;} « DTyx A Typ DTpr — ZTI}%TJ_Ll x« FITAFRE -V %1 — (5.1)
1

o £€I1~~IG <F11]2F13[4AI516_gF11]2A13[4AI5JAJIG+ §92A1112AI3JAJI4AI5KAKIG>

where A’/ are the SO(6) gauge fields, 77/ is a 6 x 6 symmetric unimodular matrix of
scalars and the potential V is given by V = 2¢%(2T7; Try — (T11)?).

Consider now the SO(3) x SO(3) subgroup of SO(6) that rotates the first three coor-
dinates and the second three coordinates of R%. We consider a configuration that consists
of an instanton on S* for the first SO(3) and an anti-instanton for the second SO(3). We
further consider instantons and anti-instantons that are SO(5) symmetric under rotations
of §%. This gauge field configuration sets the boundary conditions at the boundary of
AdSs. As in the example we considered above, the corresponding gauge theory is NV = 4
SYM with an external fixed gauge field coupled to the SO(6) currents. In this case the
field theory itself, as defined on each boundary seems stable and well defined.

Let us describe more concretely the two boundary solution. We consider a five dimen-
sional space which is SO(5) symmetric and it is foliated by S*s. In other words, the metric
has the form

1
ds® = dp* + e ds%, = dp® + €™ <d62 +sin” § Zw“w“) (5.2)

where w® are the left invariant one forms on S3. We pick a gauge field configuration
given by
1J _ 1J - ratall
A =dALLY Y + AL LS (5.3)

where L and L® are the generators of SO(3) x SO(3). We pick a gauge field A% to be an
instanton and A® to be an anti-instanton which are SO(5) symmetric under rotations of S*
0 ~ 0
A% = cos® —w?, A% = sin® Zw®. (5.4)
2 2
Let us check that this is a configuration which solves the equations of motion for the scalars
in the 20 of SO(6) that couple to the Yang Mills fields. The linearized coupling to these
scalars has the form

Gr L PRI (5.5)

where the indices of ¢7; are symmetric and traceless. On the other hand, the configuration
under consideration was designed so that F L{,f( FEJw 517 Then (B.5) vanishes.

The equation of motion for the Yang Mills fields involve a term coming from the F'2
term in the lagrangian and one term coming from the Chern-Simons coupling in (f.I]):
6[1...]6F1112 A F13la A AlsTs 4 ... This leads to a term in the equations of motion for A7
of the form

58,
M—?i ~ ergLmunFEE N FMN (5.6)
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Our choice of instanton and anti-instanton configuration has
FEL A pMN <La KLja MN _ ja KLja MN) €. (5.7)

When this is inserted in (p.6) we get zero. See appendix A7 for details. Note that (f.7)
implies that the total SO(6) instanton number is zero.

If we were to choose F* = F then we would get a cross term in (b.7) that involves
LeKLLaMN which would lead to a non-zero right hand side in (F-6]). This choice of gauge
fields leaves an unbroken U(1) that rotates the first three coordinates in RS into the second
three coordinates of RS. The nonzero result for (p.§) is implying that the instantons
generates a charge under this U(1). It might be possible to add other charged particles to
the system which will cancel this extra term. This seems to complicate the analysis and
we have not explored this possibility.

Now we need to find the five dimensional geometry. We can write the effective action

for w in (.2
S ~ /dpe4“’ <—w'2 —e 14 56_4“’) (5.8)

where in our case § = 1. We need to consider the zero energy solution, which turn out to
be identical to the one in the previous section. So the metric is given again by

1 1
€2w:\/ﬁ+ZCOSh2p—§. (5.9)

Note that the gauge field on S is topologically trivial as an SO(6) gauge field. In fact,
in appendix [A.§ we describe a continuous deformation which transforms the instanton/anti-
instanton configuration into a configuration which is a gauge transformation of the zero
gauge field configuration. So we expect that if we consider fluctuations of the gauge fields
that carry indices under both SO(3) groups we will get negative modes. In fact, if we
consider the SO(6) gauge theory on S*, we can see that the instanton/anti-instanton con-
figuration has some negative modes. We find a negative mode explicitly in appendix
However, it turns out that when we include the radial direction and we demand that fluc-
tuations are normalized at p = o0, then we find that the negative mode on S* does not
give rise to negative modes in the full five dimensional geometry.

We also studied possible negative modes coming from the scalars in the 20 of SO(6)
and we found that there were none, see appendix A.9. The conformal factor of the metric
does not lead to negative modes either, once we Wick rotate it as in [[6]. In principle
we should check all other fields of the ten dimensional supergravity theory to check that
there are no negative modes coming from other fields. We only analyzed the fields that we
thought were natural candidates for negative modes.

In this case it is also likely that there is a single boundary solution, but we did not
find it explicitly.

6. Discussion

In this paper we have considered a variety of euclidean solutions which connect two bound-
aries. These pose a puzzle from the point of view of AdS/CFT. From the field theory point
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of view the correlation functions across the two boundaries should factorize, while from the
gravity point of view they do not. So we can see two possibilities. Either one can introduce
a subtle correlation between the two field theories or the full quantum gravity answer, after
summing over all geometries, is such that the gravity correlators indeed factorize.

We have emphasized the presence or absence of perturbative negative modes. The
simplest case is when there are no perturbative negative modes. Then the two boundary
geometry represents a local minimum of the action. If a negative mode exists, then there
are nearby configurations which might contribute in a more important way to the partition
function than the configuration we started with. In this case it is less clear that there is
indeed a correlation between the two boundaries (thought it is also not clear that there is
no correlation).

If we take two decoupled field theories then we are instructed to sum over all manifolds
that end on the respective boundaries. Why should we forbid the manifolds that connect
the two boundaries? If the two field theories are truly decoupled we would conclude that
the final effect of performing the sum over all manifolds that connect the two boundaries
would completely factorize into the two partition functions of the two field theories.

In the context of ordinary wormbholes the corresponding problem is the fact that the
wormbholes seem to induce non-local interactions that would lead to violations of unitarity
in the lorentzian theory [, i3, [[4]. By an “ordinary wormhole” we mean a wormhole such
as the axionic wormhole of [ which could connect any two points in spacetime. In this
context a possible solution was suggested by Coleman [5]. He suggested that the effect of
the sum over all possible wormholes leads to superselection sectors characterized by some
parameters «;. These parameters characterize the wavefunction of the closed universes
associated to wormholes. An observer would see local and unitary physics but she would
not be able to compute the parameters «; from first principles, she would have to measure
them experimentally. An axionic wormhole then would look like an ordinary instanton
effect that breaks the U(1) translation symmetry of the axion. In an AdS solution to string
theory where axionic wormholes existed one would be forced to conclude that the local field
theory at the boundary of AdS corresponds to the theory with fixed «; parameters, i.e.
to a given superselection sector.!® Otherwise the integral over a; would induce non-local
effects in the field theory.

It is tempting to speculate that one could have a similar situation with the wormholes
that we found in our paper. These wormholes would have a large number of associated
o parameters. The number of parameters is the dimension of the Hilbert space for the
associated compact universe. This can be estimated as a typical area in the compact uni-
verse, which in our cases goes as the central charge of the corresponding field theory.!6
This would give a large number of parameters for large N. In Coleman’s arguments it was
important that the wormholes could exist with arbitrary wavefunctions and this leads to

15We do not know of a concrete nonsingular string theory AdS example where axionic wormholes actually
do exist.

16Tn the supergravity approximation all definitions of the central charge give similar values. In the
examples of sections E, E, E this goes as ¢ ~ Q1Qs, N3/2, N? respectively. The number of states then would
be of the order of e°.
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an indeterminacy of the o parameters [iff]. If one thinks that the field theories that we
introduced correspond to particular values of a parameters, then it is hard to see which
deformations of the field theories would lead to other values.!” So it seems most probable
that in quantum gravity the wavefunction for these closed universes is completely deter-
mined. To the extent that the field theory on the boundary determines the o parameters,
then the wavefunction for the closed universes are also determined by the field theory. It
would be nice to understand to what extent the field theory contains some information
about these closed universes.!®

On the other hand, it might be that geometries with two boundaries correspond to a
partition function of the form Z = 3", Z! Z? where the index i runs over some “sector” of
the field theory and the indices 1,2 indicate the two field theories at each boundary. Such
a situation might arise if the field theory partition functions are not well defined.'® An
example of such a theory is a chiral boson in two dimensions. One way to define a modular
invariant answer is to consider a left and right moving sector. It was observed in [i9] that
the AdS5 x S° partition function has a similar property. On the other hand the effects
discovered in [i9] are related to the overall U(1) degree of freedom. So by adding a simple
U(1) field at the boundary one can get a well defined partition function.?
In summary, a better understanding of the physics associated to these geometries is

needed. This might lead to interesting insights on how quantum gravity works.
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A. Details about solutions involving gauge fields

A.1 Generalities about merons and instantons

Let us consider an SU(2) group element g = e%‘”ge%e“le%w"?’, this parameterizes an 53

1
[(dip + cos 0de)* + dO? + sin® 0d¢?| = Jutet. (Ad)

B~ =

1 _ _
dsgs = —5 Tr(g~ dgg™"dg) =

Where we defined the left invariant one forms w® through i%wa = g~ 'dg. We define the
SU(2) gauge field A = i%- A%, The field strength is F = dA+A% or F* = dA%— e AP A A°.
We will be interested in solutions where A = f(r)g~'dg, or A% = fw®. If f = 1 then we have

17See [@] for a similar discussion.

BHopefully, the techniques of [@] could be extended to probe the singularities of the lorentzian closed
universes.

9The boundary field theories discussed in sections E, H seem perfectly well defined in this sense. In the
(0,4) 2d CFT associated with the AdS® x S*/Zn x K3 example in section E there could be subtleties due
to the fact that the theory is not left/right symmetric.

20If one imposes local boundary conditions for the NS and RR two form potentials, then one recovers
this U(1) degree of freedom [@}
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a pure gauge configuration. The field strength is F' = f'dr Ag~'dg+ f(f —1)g 'dgAg~'dg.
In four flat dimensions we find that the self duality condition implies f~1 = 1 + :—é In
order to find the self dual configuration in AdS, we start with the metric as ds? = dp? +
sinh? pds%g,. We see that defining dr/r = dp/sinh p, i.e.

r = tanh g (A.2)

we can make the AdS metric conformally flat. This implies that the self dual configuration
has f~' =1+ C/ tanh? p/2. Note that as p runs from zero to infinity r goes from zero
to one. This implies that AdS, is conformal to the unit ball in R*. If we are interested
in instantons on S* all we need to do is to change p — iy, 0 < v < 7/2 in the above
expressions. Then the function f becomes f~! =1+ C’/tan?~/2 and for C’ = 1 we find
that f = sin?~/2. In order to get anti-self dual configurations all we just change f — 1— f.
For a general metric
ds® = dp* + eQw(p)dség (A.3)

the effective action for f becomes
S=a / Fi, F*"™ = 24003 / dpe™® [e*(0,f)* +4f*(1 — f*)] =

= 2100 [ dyl(0, 1+ 171~ %) (A4)

where dy = dpe~() | and where Q3 - the volume of a three sphere.

We are interested in evaluating this action for the following three cases. First when
(AZ3) is AdS,4 and the solution for f is that of a self dual configuration such that the value
of f at the boundary of AdSy is fg. Then we find that (A.4) is

(D) s(m- )] s

For an anti-self dual configuration with the same boundary conditions we find

Sea = 16003 f3(3 — 2fB) = 8afd3

Santicsd = 160Q3[—f5(3 — 2fp) +1]. (A.6)

Of course we can get ([A.6)) from ([A.F) by replacing fg — 1 — fp. For fp = 1/2 both have
the same action, but for fp < 1/2 the self-dual configuration has lower action than the
anti-self-dual configuration. Note that the instanton number inside AdS is less than one.
For fp =1/2 it is 1/2.

In the case that we have an instanton on S* the action is the usual Singt = o i Fy Fer
= 16023 = 3272a.

A.2 Four dimensional solutions

The renormalized gravity action is

Scr = /d‘*wg [—(R+6)] —2/d3x\/7yK+ (4/d3x\/f_y+/d3x\/f_va> (A7)
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where v is the metric at the regularized boundary, R, is its curvature and K is the extrinsic
curvature of the regularized surface [p1]. If the metric is AdSy, i.e. of the form (A.3) with
e = sinh(p) we find that (A.7) is equal to Sgr = 483, when we take away the regulator.
So the total action for the one boundary solution is

Sibdy = (44 8a)S23. (A.8)

After multiplying by the overall normalization factor of the action we get (IL5).

Now we consider the case where f = 1/2 which leads to the two boundary solution.
For a metric of the form ([A.7) one can write the gravity action (A7) plus the Yang-Mills
contribution as

PM
S ~ 6/ dp (—w/Q —e 14 a674”> e 4e39M 4 e M (A.9)

where « is the coefficient of the gauge kinetic term and wy; = w(pas). As usual, we should
look for a zero energy solution of this action, which implies

W= —14ae ™ =0. (A.10)
Solving this equation we find (fl.)). We can now define a new variable x = e*, use (;A.10)
and write the counter terms in ([A.9) as total derivatives to find that the two boundary
action is
& 2
Sopday = 12 {/ dz (—2\/x4 +22 —a 4222+ 1) + gxg —i—xo} Qs
Zo
= (30.296...)Q3  fora=1 (A.11)

where xg is the value of x at p =0,

x2=/a+ (A.12)

e
DO | —

It is now interesting to consider the action difference Sopqy — 2S1pay. We find that
for the example coming from M-theory, when a = 1, this difference is positive. But for
sufficiently large a (o > 3.775 £ .005) this becomes negative. In such theories the two
boundary solution has less action. It is not clear if one can find an example coming from
string theory that has « large enough.?!

A.3 Stability of the 2-boundary solution

We now consider small fluctuations of the two boundary solution of the form f = 1/2+¢(p)
with € < 1. We substitute this in (A.4) and we find

Ym
Squad = 24/ dy [(8y6)2 - 262] (A13)
—Ym

210ne case we could consider is the squashed S7 of @] this leads to a theory in four dimensions that
contains SO(3) gauge bosons, but it is not clear whether one can truncate it to pure 4d gravity plus the
SO(3) gauge field.
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where
[e%} [e%} —2w o] d
Ym :/ dpe™™ :/ dpw'ewe—/ :/ . (A.14)
0 0 w v Vrit4+z? —a

and zg = \/a + % — % The eigenvalue problem for this solution is very simple, we impose
that e vanishes at y = +y,,. The lowest mode has the form cos(my/(2y,,)) and it leads to
the eigenvalue

2
T
No=—2+ <2y—m> . (A.15)

For oo = 1 this is negative. For o > 1.245 + 0.005 this is positive.

A.4 The M-theory lift of the solutions

Using the formulas in [[[]] with the two equal gauge fields, A% = A% we get the 11-
dimensional solution

ds?y = ds? +4d€? + cos? €Y (w — Afdat)? +sin? €Y (i — Aldat)?
Flay = —3€() + V2 sin€ cos €dg A (w — )" A +F§ +

—i-\/Tieabc [cos2 E(w— A A (w— AP +sin2 (i — A)* A (0 — A)°| A*F§ (A.16)
where w®, w® are SU(2) right invariant one forms on two 3-spheres S, $3. This solution
does not display the full SO(5) symmetry that is present when the two SU(2) gauge fields
of [id] are equal. We can write it in an SO(5) symmetric fashion by thinking about S
as an S® fibration over S*. This can be done by writing the metric in (A.16) in the
following way. We parameterize S® in terms of the SU(2) group element g and S3 in
terms of the SU(2) group element g. Then we write the right invariant one forms as
%wR = gdg~' and %UNJGR = §dg—! where ¢® are the Pauli matrices. We then define
g wit %uﬂ% = ¢dg~!, so that ¢ = §g and G 'gdg ' = dg—'§ + §dg—! and
w% = —2Tr(gdg™')? = (g, +wr)?. The S” metric (of radius 2) is then

ds? = 4d€? + cos? £w% + sin? 5117%

2
= [dCQ + sin? Ciw%} + <ZDL + cos? gw3> (A.17)

where we used that w? = w% and we defined ¢ = 2¢, 0 < { < 7. The coordinates ¢ and
G parameterize an S4. We see that B* = cos? %w% can be thought of as the gauge field of
an SU(2) instanton on S* that is SO(5) symmetric, up to “gauge” transformations. The
gauge transformations that act on the gauge field B are the right SU(2) transformations
acting on the fiber parameterized by g.

Now we are ready to add the A gauge field appearing in the metric in (A.16). We

see that —2Tr(wp — A)? = (W + wr — § 'A§)?, where hopefully the notation is self
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explanatory.?? The metric then becomes

ds® = dC2 5111 2¢wk| + (g + B)? —

—2 cos §Tr(1Z)L§_1A§) —2cos2ETr(wrg LAG) + A% — 2sin? € Tr(wrA)

= dC2 Z sin? Civ% | 4 (g + B)? + A% — 2 Tr(wr§ L AG) — 2cos? € Tr(jwri L A)

X :
= |dC® + ¢ sin® Cig| + (0 + B — g~ Ag)?

1
= dC —i—Zsm CwR + (g — A+ gBg)?. (A.18)

We see that the two gauge fields B and A are associated to the right and left rotations of
the S3 fiber parameterized by §. The final geometry corresponds to fibering the S3 over
S* x M* with a gauge field which is the sum of the instanton, B, on S* plus the gauge
field, A, on the four dimensional manifold M*.

A.5 Checking that this solution is not supersymmetric

A solution that contains a self dual gauge field configuration on H4 looks like a supersym-
metric configuration, since instantons are usually associated to supersymmetric configura-
tions. In this case it is possible to check that the solution is not supersymmetric.

In order to do this analysis it is useful to consider the supersymmetries of SO(4) gauged
supergravity given in [fJ, F4]. In this theory, apart of the bosonic fields discussed in [[0]
there are also the following fermionic fields: four Q/JL spin 3/2 Majorana spinors with a
vector index in SO(4), and 4 spin 1/2 Majorana spinors x*.23

Also we should separate F¥ to the two SU(2) fields — we do this in the usual way:
J2Z 4 g3 =Lt g2 — g3 =LY, JB — J* = L2 ete. (so that [L?, Lb] = i€%°L° same
for the tildes and the L% L% commute among themselves). This is such that A% J9J =
PA®LY + A°L% where A%, A% are real.

In the background we are interested in we have ¢ = x = 0. Then the (lorentzian) susy
transformations for the spinors become
(TRl v Fﬁ

ox' = —=
X 2\/5
51;3 = €i<l_)x — %Ej’yyy“”ng, + igéifyA (A.19)

where the covariant derivative is: Dyx* = ((Ox+ %w)\@w“b)ékl + QgAlj\l)Xl. Let us first take
the dagger of these and multiply by v from the left:

, 1
Syt = Z]k‘lF]k‘ Hv l
X 2\/_ m
5¢% = Dye' — —FZVV Y€l —igyae’. (A.20)

22The expression §~'Aj means that we rotate the gauge indices, a, of A, by the group element g.

21n order to match conventions in [@7 @] to the ones we used, which are the ones in [@] we set k = 1,
set g+ = 2g,9— = 0, relate A, B to ¢,x by W = —A +iB = €'’ tanh(\/2) with cosh A\ = cosh ¢ + 1x?e?,
sinh Acoso = sinh ¢ — %XQed’, sinh Asin o = ye®.
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Changing from SO(4) to SU(2) x SU(2) language, and setting the two SU(2) gauge fields
to be equal: A = A so that F2 = F24 = F34 = (), we can write the susy equations in the
following way, decomposing the SO(4) %234 into the SU(2): n, €', i = 1,2,3:

0= Fﬁyw“l’ei

0= Fun"n
0 = (Vx—igm)n
0= (Vy —igyy)e — aijk(Fﬁl/y“”’y)\ + 4igA§\)ek . (A.21)

Now we perform in the standard way a Wick rotation from the lorentzian to euclidean
signature [F]. One finds that the equations retain the same form in euclidean space.

We see that the equations for € and 1 in ([A.21]) decouple. Consider first the conditions
on 7: the gravitino variation implies that n is a usual AdS4 Killing spinor. Then we
need to further impose that F ﬁyfy‘“’n = 0. If we have a self-dual field then F), " =
%(FW + #F )y = Fuy*Pp. It turns out that this condition implies the chirality
condition I'>n = 1. One can check that this is not compatible with the conditions for an
AdSy Killing spinor. Note however that in the limit that the instanton has zero size this
chirality projection condition is imposed only at the location of the zero size instanton.
This is compatible with the Killing spinor equations in AdS. So it appears that a zero size
instanton in AdSy is supersymmetric.

Now we consider supersymmetries generated by e. Before doing this, note that there
is a truncation of SO(4) gauged supergravity to an SO(3) gauged theory with 3 supersym-
metries (the ungauged version of this SO(3) theory was considered in [§6]). This theory
contains the metric, three gravitons, three gauge fields, and one fermion. The supersym-
metry variation of the fermion and gravitino are given by the ¢ dependent terms in (A.21]).

First note that as F,,y* = F,,7**$(1 —I'®), the first equation in ([A.21]) implies that
yPiet = 0. If we use notations where €/ = %(1 F %)’ this means:

ole, =0 (A.22)
where o are the pauli matrices. Then the last equation in ([A.21)) becomes

8pei, — igei =0

(9/)62;F —igel = —die” M f(1 — L)‘")eijkajelfF
Déjej_ = —gaoéef'F
Dgei = —die " f(1 — ek aIgue® + gonel (A.23)

where « is a curved index on the S3,

fpsinh? p/2

w(p) — ginh - JB> P/E
W =i, Jp) = I

and DY = (8, — 104)0% — digei Ak
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We multiply each of the last two equations in (A.23) by ¢!, summing over i. Us-
ing (A.29) we find the derivative terms vanish. Multiplying by wg, and summing over «
we are left with the following set of algebraic equations:

1. A 1 ) 1 . ) .
[—56”” + Ge'mk <—§ + 4z'gf> O'k:| €+ 2ig [—56”” — %e’mkak] e, =0

[—56 +e <—§+4lgf>] €', — k2ig [—56 —geo ] e =0 (A.24)

where k =1+ %efzwf(l —f).
These are 6 homogenous equations for 6 spinors €. It is easy to verify that the
determinant of coefficients is nonzero, and thus there is no nonzero solution to this system.
we conclude that there are also no € type susys and therefore this background is not

supersymmetric.

A.6 The conformal field theory

The dual field theory is the field theory on a stack of N coincident M2 branes with an
external gauge field coupled to the R-symmetry currents. This gauge field is given by the
boundary value of the bulk gauge fields. Though it is not possible to write the lagrangian
for the interacting theory, it is possible to write a lagrangian for a single M2 brane. A
single M2 branes is described by a supersymmetric theory with 8 free real scalar fields
¢® transforming as the vector of SO(8) and 8 free real fermions ¢ transforming as the

antichiral spinor representation, 85 of SO(8). The flat space lagrangian is?*

Sire = /i’l/)aﬁba + (8(Z5a)2 . (A.25)

The susy transformations for this theory are parameterized by a spinor in the chiral
spinor representation, 8. of SO(8). they are:

09" = el
0 = ipT%. (A.26)

Now we need to put this on a 3-sphere and add the gauge field.

Putting the theory on the sphere makes the derivatives become covariant derivatives
with the spin-connection on the sphere. In addition, to preserve conformal symmetry
we need to add an ¢?R term to the lagrangian. This also adds another term in the
supersymmetry transformation laws. One finds

S = / Qs {D,@D“qﬁ + i Iy + %ﬁ? (A.27)
where we have set the radius of the S3 to one. The supersymmetry transformations are
0 = €
0t = I ge) + ige (A.28)

Z4Note that in lorentzian signature the spinors v are real, so 1) = ¥'C. In euclidean space we define
1 = Y'C, where C is such that v{ = Cy*C~! and C* = —C.
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where € obeys D, e = —%Wﬂe. Now in order to introduce the gauge field all we need to do is
to add the gauge fields to the covariant derivatives in (A.27) (A.2§), D,, — D,, + A, where
A, is the boundary value of the SU(2) gauge field we considered.

A.7 Details on the five dimensional solution
We start with the gauge fields in (f.3) and (p.4). We then compute
FU = agal ¢ A4, A =iFere 7 4ipepe 17, (A.29)

We chose the gauge fields so that *F = F% and xF'® = —F®. We take both instantons to be
SO(5) spherically symmetric. Using that FﬁVFb W= ngﬁ’b M = 459 and F;}yﬁ’b =0

we can compute
F}{;IFKJ;W _ <La IJpaKJ 4 fallja KJ) 4 — g§K (A.30)

where we used that J* K/ = —j* /K and that (J*J*)/K = 267K jo = L* L Note that
this implies that $F!/F!/ = 12, which in turn gives 8 =1 in (f.§), after using the action
in [1]]. We now need to observe that

FOAFY = —F* A F? ~ §%¢,
FOANFb = 0. (A.31)
This implies that
errunFEE A FMN ¢, (LaKLLaMN _ EaKLibMN) —0. (A.32)
This implies that we are obeying the Chern Simons equations.

A.8 Search for negative modes from gauge fields

The background fields are given by

Adb — feabey,e AAB — feABeye
f:cos2g, le—f:sin2g. (A.33)
We can now compute
F® = fdfe®w + f(1 — fluw®. (A.34)
We now consider the small fluctuation
—ABa = A8 = peaBeyC 4+ g57B dp (A.35)

where h, g are functions of . This leads to the following additional terms in F
SF*P = [0 +g(f — )]dOe" P w + h(1 - f — flutw®
OF® = —n2ww® + 2hge®dhu®
SFAE = 1 p2wAwP — 2ngePedhuc . (A.36)

We now compute the action. In order to do this we need to remember that the unit

normalized vielbein on S is given by e® = w®/2.

— 24 —



We can now compute F? for the above configuration (A.34) (A.39)

5=/, Flypl7ed
i fagst[U BB
L TFA =D PP 4 O = )+ PP 20— f — f)2h
sint 6
We see that the above expression vanishes for
g:%, h:%sine. (A.38)

In fact ([A.38) correspond to the values we would obtain if we start with the pure gauge
configuration A% = ey AAB =, AP = 0 and we do a gauge transformation by the
gauge group element €12 where 3 is the U(1) that exchanges 1,2,3 with 4,5, 6.

We see that by turning on g and h continuously we can start from the instanton/anti-
instanton configuration and go to the pure gauge configuration (A.38). Since varying h
and g we can find a path that gets rid of the original gauge field configuration, we expect
to get a negative mode for small fluctuations of h and ¢g. In principle we need to consider
the most general fluctuation of the gauge fields in order to find all negative modes. Since
the fluctuations parametrized by h,g are general enough to provide a path in field space
that gets rid of the instanton/anti-instanton configuration it is very likely that the negative
mode we find by considering small fluctuations of &, g is the most negative mode.

Denoting the small fluctuations of the gauge field A around the background (A.34) by
0 A we can expand the Yang-Mills action to second order. This will schematically lead to an
expression of the form [6AOJA, where O is some operator. We are interested in finding
eigenvalues for this operators OdA = AJA. In order to do this we consider the auxiliary
action given by

aux

52 — / SAOSA — M(JA)? (A.39)

and we look for solutions of this action that are non-singular. These will exist only for
special values of A. If A # 0 we do not have to worry about gauge fixing. We can compute
the first term in () by expanding () to second order in h,g. We find

S — 480 / df sin 6 [Z(h' — gcos0)? — 4h? — 4hgsin 6 — %(sin2 09> + 8h2)] . (A.40)

In order to find the eigenvalue A we just solve the equations of motion for S. The equation
of motion for g is algebraic, so we replace the resulting value back into the action and we
get the following action for h

(A1)

/ 2 2
S2) = 480 / df sin [2h’2 gp2 — o2 — 4 cos O+ hsind) ] .

2cos26 — % sin2 6
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The equations of motion for h read

—2(sin OR') — (4 + 2)\) sin Oh +

. i} ’ . / .. 92 / . "
i sin 6 cos 6(cos 0? +sindh)\ Man O(h' cos 0)\—|— sin 0h) _0 (A.42)
2cos2 6 — 5 sin? 0 2cos? 6 — 4 sin” 0

Examining the equation near  ~ 0 we find that the regular solution goes as 2. We find a
similar behavior at § = m. The value of X should be chosen so that (A.42) has a nontrivial
solution which is regular at § = 0,7. We find a regular solution for A = —4 which is
h = sin?§. We see that this is the lowest eigenvalue. We can check numerically that lower
values of A lead to solutions for A which do not cross the real axis if they are regular at
one of the two ends.

Now we need to consider the radial dependence. We choose a gauge A, = 0. The only
terms with p derivatives will come from F,, = 0,A,, where « is an index on S*. So we see
that for a given eigenvector with eigenvalue A the lagrangian will be of the form

S@ ~ / dp 2> F)JFL] + AALT ALY

pat pa
5O / dp [262(§')? + A?] (A.43)
where e?* was given in (f.§) and ¢ is a field which encodes the p dependence of the

eigenvector with eigenvalue \. In other words, we consider a gauge field fluctuation 64 =
(p)d AN where §AW is the eigenvector from (A.39).

We are now interested in understanding if the operator that appears in the last line
of (A43) has negative modes. We impose the boundary condition ¢ = 0 at p = too. We
now write down the equation of motion for ([A.43)

9,(2e*28,0) — A\p = 0. (A.44)

The operator in (A.43) will have a negative mode if the solution to (A.44) with boundary
conditions ¢(p = 0) = 1 and ¢’'(p = 0) = 0 changes sign as p — oco. Setting A = —4 and
analyzing the equation numerically we can see that it does not change sign.?>

The final conclusion is that there is no negative mode of the type we looked for. There
might be a negative mode that has a more complicated wavefunction on S*.

A.9 Analysis of the scalar fields in the instanton background
Using (5.9) and (5.4) we find that

FJ;IIFKLWJ:_4(fLaIJLaKL+I~/aIJEaKL>. (A.45)
We can now use that if I, J, K, L are all 1,2, 3 then we have?®

e IJLa KL:—((SIK(SJL—(SIL(SJK) (A46)

Z5We can have negative modes if A < —5.67 + 0.03.
Z6Note that LT = —¢17,
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We now turn to a discussion of the scalar fields. They are given in terms of a matrix
T7; which has determinant one. This implies that we can write

T =01+ 1+ hrs,  12h=drsbrs+ - (A.47)

This ensures that 7" has determinant one to second order.
We now evaluate the kinetic term and potential using the expressions in [{1]. We find

S = / i(%U&bU — 15017 - (A.48)

To evaluate this we need to compute 77 from ([A.47), whichis T7; = (1+h)dr7 —prs+-- -,
where the dots include a quadratic term in ¢ which is traceless and does not contribute
to the computation leading to (A.4g). After setting g = 1 we see that we get the correct
mass, m? = —4. We are working in units where the radius of AdS is one.

We need to add the term that comes from the coupling of the scalars to the gauge

fields given by
1

—1p—1 plJ pKL
T TR (A.49)
The scalars can be decomposed under SO(6) — SO(3) x SO(3) as 20 — (5,1) + (1,5) +
(3,3) + (1,1). Looking at (JA.47) we see that there are two kinds of couplings that can
appear from ([A.49), either one ¢ from each from each T in ([A.49) or a coupling to h
in (A7) from one of the T's in (A49). The coupling from h does not depend on the type

of ¢ we consider and is equal to
1
QhZFUFU = 2h12 = 2017017 . (A.50)

The two ¢ coupling will depend on the type of scalar we consider. For the (3,3) scalars
there is no extra coupling and (A.50) is the full answer. For the (5,1) scalars we can now
use ([A.47) and ([A.46) to find the extra term

—¢rs917 I,J=1,2,3. (A.51)
We can do a similar analysis for the (1, 1) field, which gives us the extra term

2015015 (A.52)

where we used that ¢ is diagonal and rewrote it as in (JA.52).
Now we study the question of whether there are negative modes. We need to consider

the equation
—e90,(€"0,0) + (m” + 76 *)p = Ao (A.53)
where m? = —4 and w is given in (b.9). The parameter v is a number that depends
on the type of scalar field. For the scalars in the (3,3),(1,1),(1,5),(5,1) representations
v = 8,16,4,4 respectively. It is important to note that v > 0 for all the scalar fields
considered.
Solving the equation (A.53) with the initial condition ¢(0) = 1, ¢’(0) = 0 we see that
if v > 0 then the solution stays positive. This means that the corresponding operator does

not have any negative modes.
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