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1. Introduction

In a previous paper [1], we wrote and analyzed in d = 4,N = 1 superspace a lagrangian

which contained a pure R4 term:

L =
1

2κ2

∫

E
(

1 + αW 2W
2
)

d4θ (1.1)

This lagrangian could be seen as a four dimensionalN = 1 string/M-theory effective action,

resulting from a compactification and truncation from ten/eleven dimensions. In that case

the constant α/κ2 could be identified up to a factor with α′3, α′ being the string slope

parameter.

– 1 –



J
H
E
P
0
8
(
2
0
0
2
)
0
3
8

Originally the αW 2W
2
term of this lagrangian was thought of as a possible three-loop

quantum correction to supergravity. In reference [2] it was shown that supersymmetry

implies the one and two-loop finiteness of supergravity, but there exists a potential non-

vanishing on-shell superinvariant which could mean non-finiteness of supergravity at three

loops. Later that superinvariant was written in superspace [3, 4]: it is precisely the α part

of (1.1). No one has been able to compute the three-loop supergravity effective action in

order to show if the coefficient of this term is nonzero or if it vanishes by some miraculous

cancellation [5]. Up to that (unknown) numerical factor, the constant α could be identified

with κ6 if (1.1) is that effective action.

In the paper [1], we made a full superspace analysis of (1.1). In section 2 of this

paper, we extend this analysis to x-space. We write down (1.1) in components, leaving the

auxiliary fields. As we have shown in [1], the auxiliary fields do not vanish anymore with

this action; the elimination of the Am auxiliary field would result in a nonlocal action with

an infinite number of terms of all orders in α. We fully compute the terms which are of

first order in α and which could constitute the three-loop supergravity effective action.

In section 3 we argue that there are other supersymmetric pure R4 terms which can

be considered. These terms can be absorbed in the pure supergravity action by a field

redefinition, but this process induces new higher-order superinvariants. We list these other

supersymmetric R4 terms, compute their bosonic parts and comment on their properties.

2. The W2
+W

2
− supersymmetric action in x space

The lagrangian (1.1) represents the supersymmetrization of one combination ofW 4, namely

W2
+W

2
− (for notation see appendix A). In order to write it in components, first we write it

in chiral notation:

L =
1

4κ2

∫

ε

[(

∇
2
+

1

3
R

)

(

−3αW 2W
2
− 3

)

]

d2θ + h.c. (2.1)

ε is the chiral density; its expansion in components is [6]

2ε = e− ieθAσmAȦψ
mȦ − eθ2

(

M − iN −
1

2
ψmȦψnḂσmnȦḂ

)

(2.2)

We get, then, for the lagrangian,

κ2L = −
1

2
eR+

1

4
eεµνρλ

(

ψµȦσ
AȦ
ν ψρλA − ψµAσ

AȦ
ν ψρλȦ

)

−
1

3
e
(

M2 +N2 −AµAµ

)

−

−
3

16
eα ∇2W 2

∣

∣ ∇
2
W
2
∣

∣

∣
−
α

2
eRW 2

∣

∣W
2
∣

∣

∣
+ 3αe∂µ W

2
∣

∣ ∂µ W
2
∣

∣

∣
+

+
α

4
e W 2

∣

∣W
2
∣

∣

∣
εµνρλ

(

ψµȦσ
AȦ
ν ψρλA − ψµAσ

AȦ
ν ψρλȦ

)

−

−
3

4
iαe

(

∇AW 2
∣

∣ σµ

AȦ
Dµ ∇

ȦW
2
∣

∣

∣
+ ∇ȦW

2
∣

∣

∣
σµ

AȦ
Dµ ∇

AW 2
∣

∣

)

+

+
3

4
αeεµνρλψµAσ

AȦ
ν ψρȦ

(

W
2
∣

∣

∣
∂λ W

2
∣

∣− W 2
∣

∣ ∂λ W
2
∣

∣

∣

)

−

−
3

2
αe

(

ψµA ∇AW
2
∣

∣+ σµν
ABψ

A
ν ∇

BW 2
∣

∣

)

∂µ W
2
∣

∣

∣
−

– 2 –
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−
3

2
αe

(

ψµȦ ∇ȦW
2
∣

∣

∣
− σµν

ȦḂ
ψȦ
ν ∇

ḂW
2
∣

∣

∣

)

∂µ W
2
∣

∣+

+
α

2
e
(

W
2
∣

∣

∣
σµν
AB ∇

AW 2
∣

∣ψB
µν + W 2

∣

∣σµν

ȦḂ
∇ȦW

2
∣

∣

∣
ψḂ
µν

)

−

−
3

4
αe ∇AW 2

∣

∣ ∇ȦW
2
∣

∣

∣

(

ψµAψ
µ

Ȧ
+

1

2
σµν

ȦḂ
ψµAψ

Ḃ
ν +

1

2
σµν
ABψ

B
µ ψνȦ

)

+

+
3

8
αeεµνρλσλAȦ

(

W
2
∣

∣

∣
ψA
µψ

B
ν ψ

Ȧ
ρ ∇BW

2
∣

∣− W 2
∣

∣ψA
µ ψ

Ȧ
ν ψ

Ḃ
ρ ∇ḂW

2
∣

∣

∣

)

+

+
3

16
iαe W 2

∣

∣ψµḂψµḂψ
A
ν ∇

ȦW
2
∣

∣

∣
σν
AȦ

+
3

16
iαe W

2
∣

∣

∣
ψµBψµBψ

Ȧ
ν ∇

AW 2
∣

∣ σν
AȦ

+

+
3

8
iαeψµAψȦ

µ σ
ν
AȦ

(

W 2
∣

∣ψḂ
ν ∇ḂW

2
∣

∣

∣
− W

2
∣

∣

∣
ψB
ν ∇BW

2
∣

∣

)

−

−
3

8
iαeσν

AȦ

(

W 2
∣

∣ψµAψḂ
µ ψνḂ ∇

ȦW
2
∣

∣

∣
+ W

2
∣

∣

∣
ψB
ν ψ

µ
Bψ

Ȧ
µ ∇

AW 2
∣

∣

)

−

−
α

3
e
(

M2 +N2 −AµAµ

)

W 2
∣

∣W
2
∣

∣

∣
+
α

4
e ∇AW 2

∣

∣ ∇ȦW
2
∣

∣

∣
σν
AȦ
Aν −

−
α

4
e (M + iN) W

2
∣

∣

∣
∇2W 2

∣

∣−
α

4
e (M − iN) W 2

∣

∣ ∇
2
W
2
∣

∣

∣
+

+ iαe
(

W
2
∣

∣

∣
∂µ W

2
∣

∣− W 2
∣

∣ ∂µ W
2
∣

∣

∣

)

Aµ −

−
i

2
αe

(

W
2
∣

∣

∣
∇AW 2

∣

∣ψµ
A − W 2

∣

∣ ∇ȦW
2
∣

∣

∣
ψµ

Ȧ

)

Aµ . (2.3)

In order to compute this lagrangian in terms of the x-space fields, we are interested in

the component expansion of W 2. From (A.15), one can derive

W 2
∣

∣ =
1

6
ψmnCψmnC −

i

24
εmnrsψC

mnψrsC −
i

24
εmnrtψA

mnψrsC (σ s
t )CA +

+
1

12
AnA

mψnAψmA −
1

12
AmAmψ

nAψnA −

−
i

48
εmnrtAsAmψ

A
n ψrC (σ s

t )CA +
i

3
ψmnAAmψnA +

+
1

12
εmnrsArψ

C
mnψsC +

1

12
εmnrtψA

mnArψsC (σ s
t )CA (2.4)

From the relation

∇AWBCD = ∇AWBCD −
1

4
εAB∇

EWECD −
1

4
εAC∇

EWEBD −
1

4
εAD∇

EWEBC (2.5)

one can easily show that one may write ∇AW
2 = −2WBCD∇AWBCD as

∇AW
2 =

1

2
W BC

A ∇DWDBC − 2WBCD∇AWBCD (2.6)

and, using (A.5), one can also show that

∇AWABC

∣

∣ = −2iσmn
BC ∇mGn|

= −
2

3
iσmn

BCe
µ

m DµAm + iσmn
BCψ

A
m ∇AGn|+ iσmn

BCψ
Ȧ

m ∇ȦGn

∣

∣ (2.7)

– 3 –
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In the same way one has, from (2.5) and the solution to the Bianchi identities,

∇2W 2 = −2
(

∇AWBCD
)

∇AWBCD + 2WABC∇2WABC

= −2
(

∇AWBCD
)

∇AWBCD + 12 (∇mGn)∇mGn −

− 12 (∇mGn)∇nGm − 12iεmnrs (∇mGn)∇rGs −

−
5

3
RW 2 − 20WABCG Ȧ

A ∇BGCȦ + 8iWABC∇ Ȧ
A ∇BGCȦ (2.8)

with

∇ Ȧ
A ∇BGCȦ

∣

∣

∣
= σm Ȧ

A e µ
mDµ ∇BGCȦ

∣

∣

∣
− 2 (M − iN)σmn

ABψmCAn +

+
i

6
σmn
ABψmCe

µ
n ∂µ (M − iN)−

i

48
σmn
ABψmCψ

Ḋ
n ∇ḊR

∣

∣+

+
i

2
σmn
ABσ

p

CḊ
ψḊ
p ∇mGn| −

1

2
σm Ȧ
A ψḊ

m ∇Ḋ∇BGCȦ

∣

∣

∣
(2.9)

We have thus expressed the x-space components necessary to compute our lagrangian

in terms of the independent components listed in (A.10). These components, as well as

∇mGn|, are presented in appendix A. Some of them are presented for the first time

in the literature. The knowledge of these components allows us to fully compute the

lagrangian (2.3), leaving the auxiliary fields in it.

In [1], we computed the field equations for (1.1). We showed that the auxiliary fields

M,N satisfied an algebraic field equation, in terms of e m
µ , ψµ and the auxiliary field Am.

This field equation can be obtained by taking the θ = 0 component of

R = 6αW
2
∇2W 2 + 12α2W

4
W 2∇2W 2 (2.10)

These auxiliary fields can then be eliminated, leaving an action with higher powers of α

and Am.

The elimination of Am is much more problematic. Expressing this auxiliary field in

terms of e m
µ and ψµ, we get a series of terms with infinite powers of α. This series cannot

be expressed in a closed form; it is the solution of a differential equation - the field equation

for Am - the solution of which can only be iterated order by order in α. Ingenuously, one

would expect the effective action (1.1) to be just of order κ4 (or α′3) but, from what we

said, the closeness of the supersymmetry algebra requires, because of the elimination of

Am, the appearance of terms of infinitely high order in κ (or α′). Notice that these terms all

come from the auxiliary field sector and do not include terms which are pure (i.e. without

matter couplings) powers of the Riemann tensor. These pure Riemann terms obviously

exist in the full loop (α′) expansion, which is not fully given by (1.1). The full quantum

action will include more terms as (1.1) but with larger powers of the Riemann tensor. Each

of them will presumably need, on-shell, an infinite number of terms with all powers of the

Riemann tensor to be supersymmetrized, like the simplest one we have analyzed.

The three-loop effective action (1.1) was written based on the dimensional analysis of

its leading bosonic part and on the requirement of supersymmetry. Since any regulariza-

tion procedure works order by order in perturbation theory, it cannot introduce (at three

– 4 –
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loops or at any other loop) an infinite number of terms of arbitrary order in the coupling

constant, as it is required by supersymmetry. Therefore, it is not possible to fully pre-

serve supersymmetry while regulating the theory; supersymmetry transformations must

be truncated to the power of κ at which the theory is being regulated.

Having this in mind, now we compute the three-loop (or α′3) terms in ∇AW 2
∣

∣ and

∇2W 2
∣

∣, i.e. the terms which would not contribute to (2.3) with more powers of α. Since

all these terms are already multiplied by α, the terms we are looking for are simply the

α = 0 (on-shell) terms of ∇AW
2
∣

∣ and ∇2W 2
∣

∣, i.e. the terms without auxiliary fields.

From (2.6), (2.8) and the components in appendix A, it is only a matter of calculation. We

leave the details of the calculation to appendix B. Here, we present just the results:

∇AW
2
∣

∣ = −
1

3
W+

µνρσψ
µνBσρσ

AB +
i

24
σmn
ABσ

sDȦψB
rsψmnȦψ

r
D +

i

12
σms
ADσ

r
BȦ
ψn B

s ψȦ
mnψ

D
r −

−
i

4
σr
BȦ
ψmnBψȦ

mnψrA −
1

8
εmnrsσp

BȦ
ψB
rsψ

Ȧ
mnψpA+

1

12
εmnrsσ

r
BȦ
ψpsBψ mȦ

p ψn
A −

−
1

48
εmnrsσpq

ABσ
DȦ
m ψB

rsψpqȦψnD +
1

24
εmnrsσq

sADσ
p

BȦ
ψB
rqψ

Ȧ
mnψ

D
p +

+
1

24
εmnrsσp

BȦ
ψB
rpψ

Ȧ
mnψsA −

1

24
εmnrsσsBȦψ

B
rpψ

Ȧ
mnψ

p
A +

+
i

24
σmn
ABσ

sDȦψB
rsψ

r
Ȧ
ψmnD +

i

12
σms
ADσ

r
BȦ
ψn B

s ψȦ
r ψ

D
mn −

i

4
σr
BȦ
ψB
mnψ

Ȧ
r ψ

mn
A −

−
1

8
εmnrsσp

BȦ
ψB
rsψ

Ȧ
p ψmnA +

1

12
εmnrsσ

r
BȦ
ψpsBψnȦψ m

p A −

−
1

48
εmnrsσpq

ABσ
DȦ
m ψB

rsψnȦψpqD +
1

24
εmnrsσq

sADσ
p

BȦ
ψB
rqψ

Ȧ
p ψ

D
mn +

+
1

24
εmnrsσp

BȦ
ψB
rpψ

Ȧ
s ψmnA −

1

24
εmnrsσsBȦψ

B
rpψ

pȦψmnA +O (α) (2.11)

∇2W 2
∣

∣ = −2W+
µνρσW

µνρσ
+ +

8

3
iW+

µνρσψ
ρAψµνȦσσ

AȦ
−

8

3
iW+

µνρσψ
µνAψρȦσσ

AȦ
+

+
1

8
σmn
ABσ

r Ȧ
C σpqABσsCḂψrDψmnȦψ

D
s ψpqḂ +

+
1

8
σmn
ABσ

r Ȧ
C σpqABσsCḂψmnDψrȦψ

D
pqψsḂ −

−
1

4
σmn
ABσ

r Ȧ
C σpqABσsCḂψrDψmnȦψ

D
pqψsḂ +O (α) (2.12)

The product σmn
ABσ

r Ȧ
C σpqABσsCḂεDE is expanded in appendix B.

When replaced in (2.3), these expressions will give all (and no more than that) terms

which contribute with a power of κ4 (or α′3). This concludes our calculation of the three-

loop N = 1, d = 4 supergravity effective action, except for the numerical factor in the

definition of α.

3. List and discussion of the different R4 superinvariants

As proven in [7], in four dimensions there are thirteen independent real scalar polynomials

made from four powers of the irreducible components of the Riemann tensor, besides the

– 5 –
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W2
+W

2
− which we analyzed in the previous section.1 These terms are proportional to R

or Sµν and therefore, when written in superspace language, they are proportional to R or

Gm, with the single exception of W4
+ +W4

−, which we analyze at the end.

For each fourth-order scalar polynomial of the Riemann tensor we now give its su-

perspace supersymmetric form, when it exists. For all the component expansions see ap-

pendix A. Also from these component expansions, or from the off-shell relations (A.4),

(A.5), (A.6), we can derive the R-weights of the superfields and their derivatives [8]:

∇A 7→ +1 , R 7→ +2 , Gm 7→ 0 , WABC 7→ −1 (3.1)

Having these weights, we can mention in advance that all the actions we are going to

consider preserve R-symmetry.

3.1 R4

The supersymmetrization of the R4 polynomial is written, in superspace, as

κ4
∫

ERR
(

∇
2
R
)

(

∇2R
)

d4θ = −
3

2
κ4

∫

ε

(

∇
2
+

1

3
R

)

[

RR
(

∇
2
R
)

(

∇2R
)

]

d2θ + h.c.

(3.2)

This lagrangian contains a 3
8κ
4e

(

∇2R
)2
∣

∣

∣

(

∇
2
R
)2
∣

∣

∣

∣

term, the bosonic part of which being

1536κ4eR4.

3.2 R2SµνS
µν

The supersymmetrization of the R2SµνS
µν polynomial is included in the following super-

space lagrangian:

κ4
∫

EG2
(

∇
2
R
)

(

∇2R
)

d4θ = −
3

2
κ4

∫

ε

(

∇
2
+

1

3
R

)

[

G2
(

∇
2
R
)

(

∇2R
)

]

d2θ + h.c.

(3.3)

This lagrangian contains a 3
16κ

4e ∇2R
∣

∣ ∇
2
R
∣

∣

∣

(

∇
2
∇2 +∇2∇

2
)

G2
∣

∣

∣
term. From (A.33), and

since ∇A∇ȦGBḂ
∣

∣

∣
∇A∇ȦGBḂ

∣

∣ = SµνS
µν+fermion terms, ∇2∇

2
G2

∣

∣

∣
= − 1

18R
2−2SµνS

µν+

fermion terms, the bosonic part of this lagrangian is given by − 4
3κ
4eR4− 48κ4eR2SµνS

µν .

3.3 RSµνS
µ
σSνσ

The supersymmetrization of the RSµνS
µ
σSνσ polynomial is written, in superspace, as

κ4
∫

E
[

R
(

∇A∇ȦGBḂ

)(

∇ĊGAȦ
)(

∇ĊG
BḂ

)

+ h.c.
]

d4θ (3.4)

= −
3

2
κ4

∫

ε

(

∇
2
+

1

3
R

)

[

R
(

∇A∇ȦGBḂ

)(

∇ĊGAȦ
)(

∇ĊG
BḂ

)

+ h.c.
]

d2θ + h.c.

1We recall that the superfield components which contain the Riemann tensor are ∇2R
∣

∣ containing R,

∇A∇ȦGBḂ

∣

∣

∣
containing Sµν = Rµν −

1
4
Rgµν , and ∇AWBCD| containing WABCD := − 1

8
W+

µνρσσ
µν
ABσ

ρσ
CD

(see appendix A).
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This action contains a 3
16κ

4e ∇
2
R
∣

∣

∣
∇A∇ȦGBḂ

∣

∣

∣
∇C∇ĊGAȦ

∣

∣

∣
∇C∇ĊG

BḂ
∣

∣

∣
+h.c. term. Since

∇A∇ȦGBḂ

∣

∣

∣
∇C∇ĊGAȦ

∣

∣

∣
∇C∇ĊG

BḂ
∣

∣

∣
= −SµνS

µ
σSνσ +fermion terms, the bosonic part of

this action is indeed given by 3κ4eRSµνS
µ
σSνσ.

3.4 SµνS
µνSρσS

ρσ

The supersymmetrization of the SµνS
µνSρσS

ρσ polynomial is included in the following

superspace lagrangian:

κ4
∫

E
(

∇
2
G2

)

∇2G2d4θ (3.5)

This lagrangian contains a 3
8κ
4e ∇2∇

2
G2

∣

∣

∣
∇
2
∇2G2

∣

∣

∣
term. Again from (A.33), the bosonic

part of this lagrangian is 3
2κ
4eSµνS

µνSρσS
ρσ + 1

12κ
4eR2SµνS

µν + 1
432κ

4eR4.

3.5 SµνS
µ
σSρσSν

ρ

The supersymmetrization of the SµνS
µ
σSρσSν

ρ polynomial is written, in superspace, as

κ4
∫

E
(

∇ĊGAȦ
)(

∇ĊG
BḂ

)

(

∇CGAȦ

)

(

∇CG
BḂ

)

d4θ (3.6)

= −
3

2
κ4

∫

ε

(

∇
2
+

1

3
R

)

[(

∇ĊGAȦ
)(

∇ĊG
BḂ

)

(

∇CGAȦ

)

(

∇CG
BḂ

)]

d2θ + h.c.

This action contains a 3
8κ
4e ∇A∇ȦGCĊ

∣

∣

∣
∇A∇ȦG

DḊ
∣

∣

∣
∇Ḃ∇BGCĊ

∣

∣

∣
∇Ḃ∇BGDḊ

∣

∣

∣
term, the

bosonic part of which being given by 3
8κ
4eSµνS

µ
σSρσSν

ρ.

3.6 RSµρSνσW
µνρσ

The supersymmetrization of the RSµρSνσW
µνρσ polynomial is written, in superspace, as

κ4
∫

E
[

R
(

∇AGBḂ
)(

∇CGD
Ḃ

)

∇DWABC −R
(

∇ȦGBḂ
)(

∇ĊG Ḋ
B

)

∇ḊWȦḂĊ

]

d4θ (3.7)

= −
3

2
κ4

∫

ε

(

∇
2
+

1

3
R

)

[

R
(

∇AGBḂ
)(

∇CGD
Ḃ

)

∇DWABC + h.c.
]

d2θ + h.c.

This lagrangian contains a 3
16κ

4e ∇2R
∣

∣ ∇Ȧ∇AGBḂ
∣

∣

∣
∇Ȧ∇

CGD
Ḃ

∣

∣

∣
∇AWBCD

∣

∣ + h.c. term.

Using (B.3) one can derive ∇Ȧ∇AGBḂ
∣

∣

∣
∇Ȧ∇

CGD
Ḃ

∣

∣

∣
∇AWBCD

∣

∣ = −43SµρSνσW
µνρσ
+ +

fermionic terms, and one can then show that the pure bosonic part of this lagrangian

is 2κ4eRSµρSνσW
µνρσ.

3.7 R2WµνρσW
µνρσ

The supersymmetrization of the R2WµνρσW
µνρσ polynomial is written, in superspace, as

κ4
∫

ERR
(

∇2W 2 +∇
2
W
2
)

d4θ = −
3

2
κ4
∫

ε

(

∇
2
+
1

3
R

)

[

RR
(

∇
2
W
2
+∇2W 2

)]

d2θ+h.c.

(3.8)

This lagrangian contains a 3
8κ
4e ∇2R

∣

∣ ∇
2
R
∣

∣

∣

(

∇2W 2 +∇
2
W
2
)∣

∣

∣
term, the bosonic part of

which being given by −48κ4eR2WµνρσW
µνρσ.

– 7 –



J
H
E
P
0
8
(
2
0
0
2
)
0
3
8

3.8 SτλS
τλWµνρσW

µνρσ

The supersymmetrization of the SτλS
τλWµνρσW

µνρσ polynomial is included in the follow-

ing superspace lagrangian:

κ4
∫

EG2
(

∇2W 2 +∇
2
W
2
)

d4θ

= −
3

2
κ4

∫

ε

(

∇
2
+

1

3
R

)

[

G2
(

∇
2
W
2
+∇2W 2

)]

d2θ + h.c. (3.9)

This lagrangian contains a 3
16κ

4e
(

∇
2
∇2 +∇2∇

2
)

G2
∣

∣

∣

(

∇2W 2 +∇
2
W
2
)∣

∣

∣
term. Its pure

bosonic part is given by 1
24κ

4eR2WµνρσW
µνρσ + 3

2eκ
4SτλS

τλWµνρσW
µνρσ.

3.9 SµνS
τλWτρλσW

µρνσ

The supersymmetrization of the SµνS
τλWτρλσW

µρνσ polynomial contains the following

superspace lagrangian:

κ4
∫

EWBCDWḂĊḊ

(

∇ḂGBĊ
)

∇CGDḊd4θ

= −
3

2
κ4

∫

ε

(

∇
2
+

1

3
R

)

(

WBCDWḂĊḊ

(

∇ḂGBĊ
)

∇CGDḊ
)

d2θ + h.c. (3.10)

This lagrangian contains a 3
8κ
4e ∇AWBCD

∣

∣ ∇ȦWḂĊḊ

∣

∣

∣
∇A∇ḂGBĊ

∣

∣

∣
∇Ȧ∇CGDḊ

∣

∣

∣
term.

Since ∇AWBCD

∣

∣ ∇A∇ȦG
B
Ḃ

∣

∣

∣
= 1

12S
µ
τW+

µνρσσ
ρσ
CDσ

τν
ȦḂ

+ 2
3W

+
µνρσS

µρσν
CȦ
σσ
DḂ

+ fermionic

terms, using the symmetries of the Weyl tensor one can derive the pure bosonic part

of this lagrangian, which is − 43κ
4eSµνS

τλW+
τρλσW

µρνσ
− .

3.10 S τ
µ S

λ
ν WτλρσW

µνρσ

The supersymmetrization of the S τ
µ S

λ
ν WτλρσW

µνρσ polynomial is written, in superspace, as

κ4
∫

E
[

WABCW
CEF

(

∇AGEḂ

)

∇BG Ḃ
F + h.c.

]

d4θ

= −
3

2
κ4

∫

ε

(

∇
2
+

1

3
R

)

[

WABCW
CEF

(

∇AGEḂ

)

∇BG Ḃ
F + h.c.

]

d2θ + h.c. (3.11)

This lagrangian contains a − 3
16κ

4e ∇AWBCD

∣

∣ ∇CWDEF
∣

∣ ∇Ȧ∇AGEḂ

∣

∣

∣
∇Ȧ∇

BG Ḃ
F

∣

∣

∣
+ h.c.

term. Since WCDBFWCDAE = 1
8σ

µν
BFσ

AE
τλ W

+
µνρσW

τλρσ
+ , the pure bosonic part of this la-

grangian is easily shown to be 3
8κ
4eWτλρσW

µνρσS τ
µ S

λ
ν .

3.11 RW τλ
µν WτλρσW

µνρσ

The supersymmetrization of the RW τλ
µν WτλρσW

µνρσ polynomial is written, in super-

space, as

κ4
∫

E
(

RWABCW DE
A ∇BWCDE + h.c.

)

d4θ

= −
3

2
κ4

∫

ε

(

∇
2
+

1

3
R

)

(

RWABCW DE
A ∇BWCDE + h.c.

)

d2θ + h.c. (3.12)
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This lagrangian contains a 3
16κ

4e ∇
2
R
∣

∣

∣
∇FWABC

∣

∣ ∇FW
DE

A

∣

∣ ∇BWCDE|+h.c. term. Since

WABCFW DE
AF WBCDE = −49W

+ τλ
µν W+

τλρσW
µνρσ
+ , the pure bosonic part of this lagrangian

is 23κ
4eRW τλ

µν WτλρσW
µνρσ.

3.12 Discussion of the results

We have identified, for a total of twelve independent real scalar polynomials made from

four powers of irreducible components of the Riemann tensor, their corresponding super-

space lagrangians. Obviously our choice of basis for these polynomials is not unique, and

linear combinations of the superspace lagrangians we found can be taken freely, in order

to supersymmetrize any desired linear combination of the Riemann polynomials.

Also other contractions of indices could have been taken, both in the Riemann poly-

nomials and in the superspace lagrangians, but they would always be equivalent to some

linear combination of the independent lagrangians we chose. For example, let’s consider

κ4
∫

E
[

WBCDW
BEF

(

∇EGFḂ

)

∇CGDḂ + h.c.
]

d4θ (3.13)

= −
3

2
κ4

∫

ε

(

∇
2
+

1

3
R

)

[

WBCDW
BEF

(

∇EGFḂ

)

∇CGDḂ + h.c.
]

d2θ + h.c.

This lagrangian contains a 3
16κ

4e ∇AWBCD

∣

∣ ∇AWBEF
∣

∣ ∇Ȧ∇EGFḂ

∣

∣

∣
∇Ȧ∇CGDḂ

∣

∣

∣
+ h.c.

term. From our previous results, it is easy to show that its pure bosonic part is given by
1
24κ

4eS τ
µ S

λ
ν WτλρσW

µνρσ + 1
96κ

4eSτλS
τλWµνρσW

µνρσ. It is easy to see that it is a linear

combination of the bosonic parts of (3.8), (3.9) and (3.11). Indeed, by partial integration in

superspace, one can see directly that (3.13) is a linear combination of (3.8), (3.9) and (3.11).

All the supersymmetrizations we have been considering, as we mentioned, are propor-

tional to R or Gm. If they are written simply as quantum corrections to pure supergra-

vity, they can be reabsorbed by field redefinitions, according to [2, 9]. In superspace this

can be seen very clearly. We recall that the general variation of the supergravity action

I = 1
2κ2

∫ ∫

Ed4θd4x under any transformation of the supervielbein which preserves the

off-shell torsion constraints is given by [10]

2κ2δI =

∫

E

(

2

3
iχAȦGAȦ +

1

9
RU +

1

9
RU

)

d4xd4θ (3.14)

The superfields U,χAȦ are completely arbitrary. Any correction term proportional to R or

Gm can be written in the form (3.14) and, therefore, reabsorbed in the supergravity action

by a redefinition of the supervielbein. In fact, these correction terms to pure supergravity

vanish on shell, because the field equations for pure supergravity are R = 0 and Gm = 0.

The supervielbein redefinition will, though, introduce new higher order superinvariants (by

higher order, in this section, we mean κ10 or more), which may vanish on-shell or not, as

we will see below.

The correction in (1.1) cannot be written in the form (3.14), nor can its variation. In

this case, the variation is much more complicated and, although still being proportional to

the arbitrary superfields U,χAȦ, it includes terms with derivatives of R, Gm andWABC [1].

These terms imply the nontrivial field equations for the auxiliary fields.

– 9 –



J
H
E
P
0
8
(
2
0
0
2
)
0
3
8

There is an interesting aspect about the RW τλ
µν WτλρσW

µνρσ action (3.12): it has

three powers of the Weyl tensor, while all the other actions we have been considering in

this section have at most two powers of the Weyl tensor. This means all the previous

actions have, in superspace, up to derivatives, at least either two Gm factors, or one RR

factor, or one (R + R)Gm factor. It is then obvious that these actions will not change

the supergravity field equations R = 0, Gm = 0 by themselves; any arbitrary variation of

R or Gm, no matter how complicated it is, will always be multiplied by R or Gm (up to

derivatives and complex conjugation) and, therefore, will not change any solution to the

field equations. But that is not the case in the action (3.12): a variation of R would be

multiplied by WABC terms which do not vanish on-shell and, if it is nontrivial, it could

induce changes in the field equations.

Indeed, R = −3iT AȦ
AȦ

and, in the notation of our previous paper [1],

δT AȦ
AȦ

= −
1

2
H BḂ

AȦ
T AȦ
BḂ

+HABT Ȧ
AȦB

+HAḂT Ȧ
AȦḂ

+
1

2
HABḂT Ȧ

AȦBḂ
+

+ T AB
AȦ

H Ȧ
B + T AḂ

AȦ
H Ȧ

Ḃ
−∇AȦH

AȦ +∇AH Ȧ
AȦ

(3.15)

The torsion terms are all proportional to R or Gm and vanish on-shell. The same is true

for the ∇AȦH
AȦ term (recall that the full set of H N

M was computed in [1]). The ∇AH Ȧ
AȦ

term introduces the following “dangerous” terms:

δR = ∇2
[(

∇
2
+

1

3
R

)

U −
3

4
∇AȦχ

AȦ − 3i
(

∇A∇Ȧ −∇Ȧ∇A

)

χAȦ

]

+ . . . (3.16)

These terms are nonzero on-shell, if (3.12) is taken as a correction to pure supergravity,

and will induce a change in the field equations. This action has the combined features

of all the distinct actions we have analyzed: it changes the supergravity field equations

like (1.1) but, because it is proportional to R, it can still be reabsorbed in the supergravity

action, by a supervielbein redefinition, like all the actions we have analyzed in this section.

Furthermore, because the supervielbein variations H N
M include derivatives of χm and U ,

we get, after partial integration, terms with derivatives of R and Gm in the superspace field

equations, which may mean that also with this action the auxiliary fields have nontrivial

field equations.

After reabsorbing this term, both in pure supergravity and in (1.1), the new higher-

order superinvariants which are generated are just powers of the Weyl tensor, which do not

vanish on shell. Therefore, although this counterterm vanishes on-shell, it generates non-

trivial higher-order superinvariants, even in pure supergravity (without the W 4 correction

in (1.1)).

All the other terms we have considered in this section up to now introduce higher

powers of either R or Rµν , which vanish on-shell if they are the only quantum corrections

to supergravity. They will not vanish on-shell when we include the W 4 correction in (1.1).

We emphasize again that the full loop (α′) expansion is not fully given by (1.1), even

after having the higher order terms from the redefinition of the supervielbein. These terms

may need to be included in the full action with different numerical coefficients, and also

other higher order terms, not obtained from the redefinition of the supervielbein, may be

needed.
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3.13 W4 terms

To conclude our analysis of the R4µνρσ superinvariants in four dimensions, we discuss now

pure Weyl terms.

There are two possible W4 polynomials in four dimensions: the most interesting

W2
+W

2
−, which we analyzed in [1] and in section 2, and W 4

+ +W4
−. This last term simply

cannot be supersymmetrized, as noticed in [4]. Indeed, in components, this term would be

written as
(

∇2W 2
∣

∣

)2
+ h.c., which is not a supersymmetric combination (it cannot result

from a superspace integration).

4. Conclusions

From the thirteen independent polynomials that can be built from R4µνρσ, only twelve of

them can be supersymmetrized and, from these twelve, only one — W 2
+W

2
− — cannot

be reabsorbed in the pure supergravity action by a redefinition of the supervielbein. If

this term is included, the field equations are changed and one gets a nonlocal action after

elimination of the auxiliary fields.

In this paper, we took the αW2
+W

2
− case which we had already studied in superspace

in a previous paper, and we worked it out in x-space. We wrote down the action in

terms of the components of the W 2 superfield. We computed these components, leaving

the auxiliary fields which, on-shell, are an infinite series in the coupling constant α. We

worked these components out completely, just in terms of the vielbein and the gravitino, to

zeroth order in α. We got then the supersymmetric W 2
+W

2
− action, but the field equations

of the auxiliary fields had to be truncated. This should be the three-loop supergravity

effective action, assuming this theory is not finite to this order.

We showed that every other R4µνρσ term which has a R or Rµν factor is supersym-

metrizable, but can be reabsorbed in the pure supergravity action by a redefinition of the

supervielbein. For each of these terms, we wrote in superspace the respective supersym-

metric completion and we proved its R-invariance. After the supervielbein redefinition,

new higher powers of the Riemann tensor are generated, which we have not analyzed in

detail; we argued, though, that among these terms should exist powers of the Weyl tensor.
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discussions. He also wants to thank Peter van Nieuwenhuizen for having taught him su-

pergravity and for having allowed him to study through the draft of the still unpublished

book [11].

The first part of this work has been supported by Fundação para a Ciência e a Tec-

nologia (Portugal) through grant PRAXIS XXI/BD/11170/97. The second part has been

supported by NSF through grant PHY-0098527.

– 11 –



J
H
E
P
0
8
(
2
0
0
2
)
0
3
8

A. From superspace to components in N = 1, d = 4 supergravity

Our conventions have been mostly described in [1]. The Riemann tensor admits, in d

spacetime dimensions, the following decomposition in terms of the Weyl tensor Wµνρσ, the

Ricci tensor Rµν and the Ricci scalar R:

Rµνρσ = Wµνρσ −
1

d− 2
(gµρRνσ − gνρRµσ + gνσRµρ − gµσRνρ) +

+
1

(d− 1)(d− 2)
(gµρgνσ − gνρgµσ)R (A.1)

We define the traceless Ricci tensor as

Sµν := Rµν −
1

d
gµνR (A.2)

In four dimensions, the Weyl tensor can still be decomposed in its self-dual and antiself-dual

parts:

Wµνρσ =W+
µνρσ +W−µνρσ,W

∓
µνρσ :=

1

2

(

Wµνρσ ±
i

2
ε λτ
µν Wλτρσ

)

(A.3)

Superspace supergravity is described by two antichiral superfields R,WABC , their com-

plex conjugates and a real superfield GAȦ, which describe the off-shell solution to the

Bianchi identities. These identities imply the following differential relations between the

superfields:

∇AGAḂ =
1

24
∇ḂR (A.4)

∇AWABC = i
(

∇BȦG
Ȧ

C +∇CȦG
Ȧ

B

)

(A.5)

From (A.4) and its complex conjugate and the solution of the Bianchi identities, we

may also derive the following useful relation between superfields:

∇2R−∇
2
R = 96i∇nGn (A.6)

These relations (A.4), (A.5), (A.6) are off-shell identities (not field equations).

In order to determine the component expansion of the supergravity superfields, we use

the method of gauge completion [11]–[14]. The basic idea behind it is to relate in superspace

some superfields and superparameters at θ = 0 with some x space quantities, and then to

require compatibility between the x space and superspace transformation rules.

We make the following identification for the supervielbeins at θ = 0 (symbolically E N
Π

∣

∣):

E N
Π

∣

∣ =





e m
µ

1
2ψ

A
µ

1
2ψ

Ȧ
µ

0 δ A
B 0

0 0 δ Ȧ
Ḃ



 (A.7)

In the same way, we gauge the fermionic superconnection at order θ = 0 to zero and we

can set its bosonic part equal to the usual spin connection:

Ω n
µm

∣

∣ = ω n
µm (x)

Ω n
Am | , Ω

n
Ȧm

∣

∣

∣
= 0 (A.8)
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We also identify, at the same order θ = 0, the superspace vector covariant derivative

(with an Einstein indice) with the curved space covariant derivative:

∇µ| = Dµ (A.9)

These gauge choices are all preserved by supergravity transformations.

As a careful analysis using the solution to the Bianchi identities and the off-shell rela-

tions among the supergravity superfields R,Gn,WABC shows, the component field content

of these superfields is all known once we know2

R
∣

∣ , ∇AR
∣

∣ , ∇2R
∣

∣ , GAȦ

∣

∣ , ∇AGBȦ

∣

∣

∣
, ∇Ȧ∇AGBḂ

∣

∣

∣
, WABC | , ∇DWABC

∣

∣

(A.10)

and their complex conjugates.

All the other components and higher derivatives of R,GAȦ,WABC can be written as

functions of these previous ones. In order to determine the “basic” components, first we

solve for superspace torsions and curvatures in terms of supervielbeins and superconnec-

tions using the identifications (A.7) and (A.8); then we identify them with the off-shell

solution to the Bianchi identities. The process is now standard [12]–[15]; we simply collect

here the results.

R
∣

∣ = 4 (M + iN) (A.11)

GAȦ

∣

∣ =
1

3
AAȦ (A.12)

∇AR
∣

∣ = −4ψ B
mn σmn

AB − 4i (M + iN)ψ Ḃ
AḂ

− 4iAmψmA (A.13)

∇ĊGAḊ

∣

∣

∣
=

1

4
ψ C
CĊ ḊA

+
i

6
(M + iN)ψAĊḊ +

+
i

24

(

3AAĊψ
C
ḊC
−ACĊψ

C
AḊ

+ 3ACĊψ
C
ḊA

)

(A.14)

WABC | = −
1

4
ψ Ċ
A BĊC

−
i

4
A Ċ

A ψBĊC

= −
1

4
ψmnAσ

mn
BC −

i

4
AmψnAσ

mn
BC (A.15)

With this knowledge, we can already compute ∇mGn|, which is necessary to compute

in x-space the terms we analyze in the main text:

∇mGn| = e µ
mDµ Gn| −

1

2
ψA
m ∇AGn| −

1

2
ψȦ
m ∇ȦGn

∣

∣

=
1

3
e µ
mDµAn +

i

12
(M − iN)ψA

mψnA −
i

12
(M + iN)ψȦ

mψnȦ +

+
1

6
ψȦ
npσ

p

AȦ
ψA
m −

i

12
Anψ

Ȧ
p σ

p

AȦ
ψA
m −

1

6
ψA
npσ

p

AȦ
ψȦ
m −

i

12
Anψ

A
p σ

p

AȦ
ψȦ
m −

−
i

24
εnpqsψ

pqȦσs
AȦ
ψA
m −

1

24
εnpqsA

pψqȦσs
AȦ
ψA
m −

−
i

24
εnpqsψ

pqAσs
AȦ
ψȦ
m +

1

24
εnpqsA

pψqAσs
AȦ
ψȦ
m (A.16)

2Underlined indices are symmetrized with weigth one; undotted and dotted indices are always sym-

metrized independently.
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To express ∇2R
∣

∣ , ∇Ȧ∇AGBḂ

∣

∣

∣
, ∇DWABC

∣

∣, one must identify the (super)curvature

R mn
µν with the x-space curvature R mn

µν , multiply by the inverse supervielbeins E µ
ME ν

N ,

identify with the solution to the Bianchi identities for RMN and extract the field contents

by convenient index contraction/symmetrization. The field content of these components

will include the Riemann tensor in one of its irreducible components (respectively the Ricci

scalar, the Ricci tensor and the Weyl tensor).

The result for ∇2R
∣

∣ is well known; it is necessary in order to compute the action for

pure supergravity [13]:

∇2R
∣

∣ = −8R−
32

3

(

M2 +N2
)

−
16

3
AmAm + 16ieµmDµA

m +

+ 2εmnrsσAȦ
s ψmnAψrȦ − 2εmnrsσAȦ

s ψmAψnrȦ +

+ 8 (M + iN)ψȦ
mψ

m
Ȧ

+ 8Anσ
AȦ
m ψm

Aψ
n
Ȧ
− 16iψA

mnψ
mȦσn

AȦ
(A.17)

The procedure for computing ∇Ȧ∇AGBḂ

∣

∣

∣
, ∇DWABC

∣

∣ is described in detail in ap-

pendix B of [16], but the full calculation, in terms of the supergravity multiplet, is just

outlined. The results, expressed as functions of the known components, are

∇A∇ȦGBḂ

∣

∣

∣
= −i ∇AȦGBḂ

∣

∣

∣
+

1

8
Rµνρσσ

µν
ABσ

ρσ

ȦḂ
+ GAȦ

∣

∣

∣
GBḂ

∣

∣

∣
−

1

48
σmn
ABψmȦψnḂ R

∣

∣+

+
1

48
σmn
ȦḂ
ψmAψnB R|+

1

4
σmn
ABψmȦψ

C
n GCḂ

∣

∣

∣
+

1

4
σmn
ȦḂ
ψmAψ

Ċ
n GBĊ

∣

∣

∣
+

+
i

48
σm
AȦ
ψmḂ ∇BR

∣

∣+
i

48
σm
AȦ
ψmB ∇ḂR

∣

∣

∣
−
i

8
σm
AȦ
ψC
m ∇CGBḂ

∣

∣

∣
−

−
i

8
σm
AȦ
ψC
m ∇BGCḂ

∣

∣

∣
−
i

8
σm
CȦ
ψmA ∇

CGBḂ

∣

∣

∣
−
i

8
σm
CȦ
ψmA ∇BG

C
Ḃ

∣

∣

∣
−

−
i

4
σm
CȦ
ψC
m ∇AGBḂ

∣

∣

∣
−
i

8
σm Ċ
A ψmȦ ∇ḂGBĊ

∣

∣

∣
−
i

8
σm Ċ
A ψmȦ ∇ĊGBḂ

∣

∣

∣
+

+
i

4
σm
AĊ
ψĊ
m ∇ȦGBḂ

∣

∣

∣
+
i

8
σm
AȦ
ψĊ
m ∇ḂGBĊ

∣

∣

∣
+
i

8
σm
AȦ
ψĊ
m ∇ĊGBḂ

∣

∣

∣
+

+
i

2
σm Ċ
A ψmB WȦḂĊ

∣

∣−
i

2
σmC

Ȧ
ψmḂ WABC | (A.18)

∇AWBCD

∣

∣ = −
1

8
Rµνρσσ

µν
ABσ

ρσ
CD −

1

24
σmn
ABψmCψnD R| −

1

2
σmn
ABψ

Ċ
mψnC GDĊ

∣

∣

∣
−

− iσm
AĊ
ψmB ∇CG

Ċ
D

∣

∣

∣
+ iσm

AĊ
ψ Ċ
m WBCD

∣

∣ (A.19)

Due to the identity

εmnpqσ
pq
AB = 2iσmnAB (A.20)

the operator σµν
ABσ

ρσ
CD acts as an “antiself-dual projector”:

Rµνρσσ
µν
ABσ

ρσ
CD = W+

µνρσσ
µν
ABσ

ρσ
CD =: −8WABCD (A.21)

Wµνρσσ
µν
ABσ

ρσ

ȦḂ
= 0 (A.22)

One can also show that

Rµνσ
µ

AȦ
σν
BḂ

= σµ

AȦ
σν
BḂ

(

Rµν −
1

4
gµνR

)

+
1

2
εȦḂεABR (A.23)
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Defining RAȦBḂCD = −14RAȦBḂmnσ
mn
CD, the decomposition (A.1) can be written

as [15]

RAȦBḂCD =
1

8
εȦḂW

+
µνρσσ

µν
ABσ

ρσ
CD +

1

2
εABσ

µ

CȦ
σν
DḂ

(

Rµν −
1

4
gµνR

)

−

−
1

12
εȦḂ (εACεBD + εADεBC)R (A.24)

By extensively (and judiciously) using the equalities

σm
CĊ
σn
AȦ
σp

BḂ
= σn

CĊ
σm
AȦ
σp

BḂ
+ εCAσ

mn
ȦḂ
σp

BĊ
− εĊȦσ

mn
ABσ

p

CḂ
+

+ 2εCAεĊȦ (ηmpηnq − ηmqηnp) σqBḂ (A.25)

σmn
ABσ

p

CȦ
+ σnp

ABσ
m
CȦ

+ σpm
ABσ

n
CȦ

= 2iεmnpqεACσqBȦ (A.26)

σmn
ȦḂ
σp

AĊ
+ σpm

ȦḂ
σn
AĊ

+ σnp

ȦḂ
σm
AĊ

= 2iεmnpqεȦĊσqAḂ (A.27)

we carried the full computations of ∇A∇ȦGBḂ

∣

∣

∣
and ∇AWBCD

∣

∣, the results of which we

now present (to our knowledge, for the first time in the literature):

∇A∇ȦGBḂ

∣

∣

∣
= −

1

2
σµ

AȦ
σν
BḂ

(

Rµν −
1

4
gµνR

)

+
1

9
AmAnσ

m
AȦ
σn
BḂ
−
i

3
eµmDµAnσ

m
AȦ
σn
BḂ
−

−
1

6
(M + iN) σm

AȦ
σn
BḂ
ψĊ
mψnĊ −

i

3
ψm
AψmnȦσ

n
BḂ
−
i

3
ψmnAψ

m
Ȧ
σn
BḂ
−

−
i

4
σmn
ȦḂ
σp

AĊ
ψmnBψ

Ċ
p +

i

12
σnp

ȦḂ
σm
AĊ
ψmBψ

Ċ
np +

i

6
σmn
ABσ

p

CȦ
ψC
mnψpḂ +

+
1

12
εmnpqψ

mn
A ψp

Ȧ
σq

BḂ
−

1

12
εmnpqψ

m
Aψ

np

Ȧ
σq

BḂ
−

i

48
εmnpqA

mψn
Aψ

p

Ȧ
σq

BḂ
+

+
1

48
Amσ

m
AȦ
ψnBψ

n
Ḃ
+

3

16
Amσ

n
AȦ
ψnBψ

m
Ḃ
−

7

48
Amσ

n
AȦ
ψm
BψnḂ −

−
1

6
σmn
ABσ

p

CȦ
Amψ

C
n ψpḂ +

1

12
σmp

ȦḂ
σn
AĊ
AmψnBψ

Ċ
p +

1

4
σmn
ȦḂ
σp

AĊ
AmψnBψ

Ċ
p −

−
1

6
σCĊ
m σn

AȦ
σp

BḂ
AmψnCψpĊ (A.28)

∇AWBCD

∣

∣ = −
1

8
W+

µνρσσ
µν
ABσ

ρσ
CD −

1

4
σmn
ABσ

r
CȦ
AmψnDψ

Ȧ
r −

1

4
σmr
ABσ

n
CȦ
AmψnDψ

Ȧ
r −

−
i

4
σmr
ABσ

n
CȦ
ψnDψ

Ȧ
mr +

i

4
σmn
ABσ

r
CȦ
ψmnDψ

Ȧ
r (A.29)

Knowing these components, we can compute, in x-space, any action which involves

the supergravity multiplet. As an example, necessary for our purposes, we indicate how to

compute some other derivatives of Gm which arise in the field content of some of the terms

in section 3.

∇ȦG
2 = GBḂ∇ȦGBḂ (A.30)

∇
2
G2 =

(

∇ȦGBḂ
)

∇ȦGBḂ −
i

6
GBḂ∇BḂR−RG

2 (A.31)

∇A∇
2
G2 = −2

(

∇ȦGBḂ
)

∇A∇ȦGBḂ −
i

6

(

∇AG
BḂ

)

∇BḂR−
i

6
GBḂ∇A∇BḂR−

−G2∇AR−RG
BḂ∇AGBḂ (A.32)
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∇2∇
2
G2 = −

1

1152

(

∇2R
)

∇2R− 2
(

∇A∇ȦGBḂ
)

∇A∇ȦGBḂ −
1

3
G2∇2R+

+
i

6

(

∇ĊGAḊ
)

∇AḊ∇ĊR−
i

3
Gm∇m∇

2R−
i

144

(

∇ĊR
)

∇AĊ∇AR+

+
1

3456
R
(

∇AR
)

∇AR+
1

96
GBḂ

(

∇BR
)

∇ḂR+
1

18

(

∇mR
)

∇mR−

−
7

6
GBḂ

(

∇AR
)

∇AGBḂ +
7

12
GBḂ

(

∇ȦR
)

∇ȦGBḂ +
2

9
iRGm∇mR−

−
i

3
RGm∇mR−

i

3

(

∇AGBḂ
)

∇BḂ∇AR−
5

3
R
(

∇ȦGBḂ
)

∇ȦGBḂ +

+RRG2 + 8 (∇mGn)∇mGn − 8 (∇mGn)∇nGm + 8iεmnrs (∇mGn)∇rGs +

+ 8i
(

∇ȦGBḂ
)

∇A
Ȧ
∇AGBḂ − 12

(

∇ȦGBḂ
)

GA
Ȧ
∇AGBḂ +

+ 16W ȦḂĊGB
Ċ
∇ȦGBḂ (A.33)

B. Detailed calculation of ∇AW 2| and ∇2W 2| at tree level

Let’s start by computing ∇AW
2
∣

∣. From (2.6), we may write

∇AW
2
∣

∣ = −2WBCD
∣

∣ ∇AWBCD

∣

∣+O (α) (B.1)

which may be written, from (A.15) and (A.29), as

∇AW
2
∣

∣ = −
1

16
Rµνρσσ

µν
ABσ

ρσ
CDψ

rsBσCD
rs −

i

8
ψrsBψmnDψpȦσ

CD
rs σmn

ABσ
p Ȧ
C +

+
i

8
ψrsBψpDψmnȦσ

CD
rs σmn

ABσ
p Ȧ
C +O (α) (B.2)

Let’s consider first the terms in (2.11) which depend on the Riemann tensor. Using the

expansion

σmn
ABσ

pq
CDσ

rsAB = −
2

3
σpq
CD (ηmsηnr − ηmrηns)−

2

3
σmn
CD (ηpsηqr − ηprηqs)−

−
2

3
σrs
CD (ηmpηnq − ηnpηmq)−

2

3
iεmnrsσpq

CD −
2

3
iεpqrsσmn

CD −

−
i

6
εpqnrσms

CD +
i

6
εpqmrσns

CD −
i

6
εmnqrσps

CD +
i

6
εmnprσqs

CD +

+
i

6
εpqnsσmr

CD −
i

6
εpqmsσnr

CD +
i

6
εmnqsσpr

CD −
i

6
εmnpsσqr

CD +

+
i

6
σ s
u CD (εpqmuηnr − εpqnuηmr + εmnpuηqr − εmnquηpr)−

−
i

6
σ r
u CD (εpqmuηns − εpqnuηms + εmnpuηqs − εmnquηps) (B.3)

those terms can be obtained from the corresponding one in (B.2). The terms in (2.11)

which do not depend on the Riemann tensor can also be obtained from (B.2) using the
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expansion

σmn
ABσ

rsCDχCψD =
1

6
σmn
ABσ

rsCDχCψD − (ηmsηnr − ηmrηns + iεmnrs)χAψB +

+
1

6
σms D

A ηnrχBψD −
1

6
σmr D

A ηnsχBψD +
1

6
σms D

A ηnrχDψB −

−
1

6
σmr D

A ηnsχDψB −
1

6
σns D

A ηmrχBψD +
1

6
σnr D

A ηmsχBψD −

−
1

6
σns D

A ηmrχDψB +
1

6
σnr D

A ηmsχDψB +
i

6
εmnr

tσ
ts D
A χBψD −

−
i

6
εmns

tσ
tr D
A χBψD +

i

6
εmnr

tσ
ts D
A χDψB −

i

6
εmns

tσ
tr D
A χDψB (B.4)

This concludes our derivation of (2.11).

In order to compute ∇2W 2
∣

∣ we write, from (2.8),

∇2W 2
∣

∣ = −2 ∇AWBCD
∣

∣ ∇AWBCD

∣

∣+O (α) (B.5)

which we may write, from (A.29), as

∇2W 2
∣

∣ = −2WABCDWABCD +
i

8
Rµνρσψ

mDψrsȦσ
CȦ
m σrsABσµν

ABσ
ρσ
CD −

−
i

8
Rµνρσψ

D
rsψ

m
Ȧ
σCȦ
m σrsABσµν

ABσ
ρσ
CD+

1

8
σmn
ABσ

pqABσr Ȧ
C σsCḂψrDψmnȦψ

D
s ψpqḂ +

+
1

8
σmn
ABσ

pqABσr Ȧ
C σsCḂψmnDψrȦψ

D
pqψsḂ −

−
1

4
σmn
ABσ

pqABσr Ȧ
C σsCḂψrDψmnȦψ

D
pqψsḂ +O (α) (B.6)

From the decomposition (A.24) one can easily derive

WABCDWABCD =Wµνρσ
+ W+

µνρσ (B.7)

Using the expansion (B.3), it is straightforward to check that

Rµνρσψ
mDψrsȦσ

CȦ
m σrsABσµν

ABσ
ρσ
CD =

64

3
W+

µνρσψ
ρAψµνȦσσ

AȦ

Rµνρσψ
D
rsψ

m
Ȧ
σCȦ
m σrsABσµν

ABσ
ρσ
CD =

64

3
W+

µνρσψ
µνAψρȦσσ

AȦ
(B.8)

Having these expressions, we get (2.12).

We include here the full σ-matrix expansion for the four-fermion terms; we did not

include it in the main body to keep the text more readable:

σmn
ABσ

r Ȧ
C σpqABσsCḂεDE

=
1

12
σmn
ABσ

pqABσr Ȧ
C σsCḂεDE +

1

12
σmn
ABσ

pqABσr Ȧ
C σsDḂεCE +

+
1

6
σmn
ABσ

pqACσr Ȧ
C σsBḂεDE +

1

6
σmn
ABσ

pqADσr Ȧ
C σsCḂεBE +

+
1

6
σmn
ABσ

pqCDσr Ȧ
C σsBḂεAE +

1

6
σmn
ABσ

pqACσr Ȧ
C σsDḂεBE +

+
1

6
σmn
ABσ

pqADσr Ȧ
C σsBḂεCE
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= −
1

3
(ηmqηnp − ηmpηnq + iεmnpq)

(

σrsȦḂ + ηrsεȦḂ
)

εDE +

+
1

6
(ηmqηnp − ηmpηnq + iεmnpq) σrEȦσsDḂ −

−
1

6

(

ηnpσmqDE − ηmpσnqDE + iεmnptσ qDE
t

)(

ηrsεȦḂ + σrsȦḂ
)

−

−
1

6
(ηmpηnsηrq − ηnpηmsηrq − ηmqηnsηrp + ηnqηmsηrp) εȦḂεDE −

−
i

6
(εmnspηrq − εmnsqηrp + εpqrmηns − εpqrnηms) εȦḂεDE −

−
1

6

(

ηmsηrqσnpȦḂ + ηnsηrpσmqȦḂ − ηnsηrqσmpȦḂ − ηmsηrpσnqȦḂ
)

εDE −

−
i

6

(

εmnsuηrpσ qȦḂ
u − εmnsuηrqσ pȦḂ

u + εpqruηmsσ nȦḂ
u − εpqruηnsσ mȦḂ

u

)

εDE +

+
1

6
(ηmuηns − ηmsηnu + iεmnsu) (ηpvηrq − ηrpηqv + iεpqrv) σEȦ

u σDḂ
v +

+
1

6

[

(ηmqηrp−ηmpηrq + iεmpqr)σnEȦ− (ηnqηrp−ηnpηrq + iεnpqr)σmEȦ
]

σsDḂ +

+
1

6

[

(ηmsηnp−ηmpηns + iεmnps)σqDḂ− (ηnqηms−ηnsηmq + iεmnqs) σpDḂ
]

σrEȦ+

+
i

6
(εmnpuηqr − εmnquηpr)σEȦ

u σsDḂ +
i

6
(εmpquηns − εnpquηms)σrEȦσDḂ

u +

+
1

6
εmnuvεpqrvσ

EȦ
u σsDḂ +

1

6
εmnsvεpquvσ

rEȦσDḂ
u +

+
1

6
εmnsuεpqrv

(

ηuvε
ȦḂ − σȦḂ

uv

)

εDE (B.9)
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