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ABSTRACT: We fully compute the N/ = 1 supersymmetrization of the fourth power of the
Weyl tensor in d = 4 z-space with the auxiliary fields. In a previous paper, we showed
that their elimination requires an infinite number of terms; we explicitely compute those
terms to order x* (three loop). We also write, in superspace notation, all the possible
N =1 actions, in four dimensions, that contain pure R* terms (with coupling constants).
We explicitely write these actions in terms of the 6 components of the chiral density e
and the supergravity superfields R, G,,, Wapc. Using the method of gauge completion,
we compute the necessary 6 components which allow us to write these actions in z-space.
We discuss under which circumstances can these extra R* correction terms be reabsorbed
in the pure supergravity action, and their relevance to the quantum supergravity /string

theory effective actions.
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1. Introduction

In a previous paper H, we wrote and analyzed in d = 4, N' = 1 superspace a lagrangian

which contained a pure R* term:

_ 1
T 2K2

L /E (1 + aWQWQ) 449 (1.1)
This lagrangian could be seen as a four dimensional N' = 1 string/M-theory effective action,
resulting from a compactification and truncation from ten/eleven dimensions. In that case
the constant «/x? could be identified up to a factor with o/, o/ being the string slope
parameter.



Originally the aW?2W" term of this lagrangian was thought of as a possible three-loop
quantum correction to supergravity. In reference [E] it was shown that supersymmetry
implies the one and two-loop finiteness of supergravity, but there exists a potential non-
vanishing on-shell superinvariant which could mean non-finiteness of supergravity at three
loops. Later that superinvariant was written in superspace [, @]: it is precisely the « part
of (I.]). No one has been able to compute the three-loop supergravity effective action in
order to show if the coefficient of this term is nonzero or if it vanishes by some miraculous
cancellation [f]. Up to that (unknown) numerical factor, the constant a could be identified
with x if ([.T) is that effective action.

In the paper [[l], we made a full superspace analysis of ([.1)). In section [ of this
paper, we extend this analysis to z-space. We write down ([.1]) in components, leaving the
auxiliary fields. As we have shown in [f]], the auxiliary fields do not vanish anymore with
this action; the elimination of the A,, auxiliary field would result in a nonlocal action with
an infinite number of terms of all orders in a. We fully compute the terms which are of
first order in o and which could constitute the three-loop supergravity effective action.

In section | we argue that there are other supersymmetric pure R* terms which can
be considered. These terms can be absorbed in the pure supergravity action by a field
redefinition, but this process induces new higher-order superinvariants. We list these other

supersymmetric R* terms, compute their bosonic parts and comment on their properties.

2. The W2W? supersymmetric action in z space

The lagrangian ([L.1)) represents the supersymmetrization of one combination of W*, namely
WiWE (for notation see appendix [A]). In order to write it in components, first we write it
in chiral notation:

1

=2, 15 27772 2

€ is the chiral density; its expansion in components is [fj]
2¢ = e — ieGAJmAAi/)mA — eb? (M —iN — gi/)mAz/)”BamnAB> (2.2)
We get, then, for the lagrangian,
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(2.3)

In order to compute this lagrangian in terms of the x-space fields, we are interested in

the component expansion of W?2. From ([A.1§), one can derive
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From the relation
VaWgep = VaWpep — ZEABV Wgcp — ZEACV WeBD — ZEADV WeBc

one can easily show that one may write VAW? = —2WBCDVAWBCD as
1
VaW? = SWa BOGPWppe — 2WPPY 4sWhep
and, using ([A.H), one can also show that

VAWapc| = —2i0B8 VinGyl

2. . . -
= —Si0p¢ey DyAm + 0B VaGy| + i0 e, V 4Gy

(2.4)

(2.5)

2.7)



In the same way one has, from (R.5) and the solution to the Bianchi identities,

VW2 = =2 (VAWPOP) Y Wiep + 2W APV Wape
= —2(VAWPBP) YV, Wgep + 12 (V™G™) V., Gy —
—12(V™"G") V.G — 12i™7 (V,,G) VG —
- gRWQ —0WABCG LAV G 4 + 8IWABOV  AVRG, (28)

with

ValVeGo,| = 0% Ae D, VpGp i — 2(M —iN) 0'ithme An +
)

+ éaﬁwmgenﬂﬁﬂ (M —iN) — Eaﬁwmgiﬁf VDR‘ +

SORBO, Uy VGl = 50% 00V QVQGLA‘ (2.9)

T3

We have thus expressed the x-space components necessary to compute our lagrangian
in terms of the independent components listed in (JA.10). These components, as well as
VmGhrl|, are presented in appendix [A] Some of them are presented for the first time
in the literature. The knowledge of these components allows us to fully compute the
lagrangian (R.3), leaving the auxiliary fields in it.

In [il], we computed the field equations for ([.1l). We showed that the auxiliary fields
M, N satisfied an algebraic field equation, in terms of e,™, ¢, and the auxiliary field Ay,.
This field equation can be obtained by taking the # = 0 component of

R = 6aW V2W2 + 1262W W2v2 )2 (2.10)

These auxiliary fields can then be eliminated, leaving an action with higher powers of «
and A4,,.

The elimination of A,, is much more problematic. Expressing this auxiliary field in
terms of e, and v, we get a series of terms with infinite powers of . This series cannot
be expressed in a closed form; it is the solution of a differential equation - the field equation
for A,, - the solution of which can only be iterated order by order in «. Ingenuously, one
would expect the effective action ([[.1]) to be just of order x* (or o/®) but, from what we
said, the closeness of the supersymmetry algebra requires, because of the elimination of
A, the appearance of terms of infinitely high order in x (or o’). Notice that these terms all
come from the auxiliary field sector and do not include terms which are pure (i.e. without
matter couplings) powers of the Riemann tensor. These pure Riemann terms obviously
exist in the full loop («') expansion, which is not fully given by ([.1]). The full quantum
action will include more terms as ([.I) but with larger powers of the Riemann tensor. Each
of them will presumably need, on-shell, an infinite number of terms with all powers of the
Riemann tensor to be supersymmetrized, like the simplest one we have analyzed.

The three-loop effective action ([L.1)) was written based on the dimensional analysis of
its leading bosonic part and on the requirement of supersymmetry. Since any regulariza-
tion procedure works order by order in perturbation theory, it cannot introduce (at three



loops or at any other loop) an infinite number of terms of arbitrary order in the coupling
constant, as it is required by supersymmetry. Therefore, it is not possible to fully pre-
serve supersymmetry while regulating the theory; supersymmetry transformations must
be truncated to the power of x at which the theory is being regulated.

Having this in mind, now we compute the three-loop (or a’®) terms in VAWQ{ and
VQWZ{, i.e. the terms which would not contribute to (R.3) with more powers of c. Since
all these terms are already multiplied by «, the terms we are looking for are simply the
a = 0 (on-shell) terms of V4W?2| and VZWZ{, i.e. the terms without auxiliary fields.
From (R.6), (B.§) and the components in appendix [A], it is only a matter of calculation. We
leave the details of the calculation to appendix B. Here, we present just the results:

VAW = 2 WPl + ﬁaAﬁosDAer Y i + 1508 407 PP
- ZaBAwm”menw —Zemmigh . s én%fr—&mnrsa; P By mAy
_ 4188mnrso_ZqB UDA¢TS¢qu¢nD 4+ — 4 gmns quDUBAqu¢mnwp
g™ OB s — e B +
b A + 120,41703%%%” — Lo -
AT emmoBAwpst"Aw o
- 418€mmSUZqBUDA¢rs¢nAwqu +57 24 gmnre quDUBAqu¢ ¢1{r)m+
+ ™0 WY na — 5™ g B s + O () (2.11)
V2| = —2W, W 4 —ZWIupaprw“”A 054~ —ZWIVPUWVAWAUZAJF
¥ S0RBoL 0P By, 0P
+ 3RBTGO, s -
— SO RBOE AP B b 0B+ O () (2.12)

The product o'}'5 E,Ao'quB sCB_DE

is expanded in appendix B

When replaced in (E), these expressions will give all (and no more than that) terms
which contribute with a power of x* (or o/3). This concludes our calculation of the three-
loop N' = 1,d = 4 supergravity effective action, except for the numerical factor in the
definition of a.

3. List and discussion of the different R* superinvariants

As proven in [fj], in four dimensions there are thirteen independent real scalar polynomials
made from four powers of the irreducible components of the Riemann tensor, besides the



1

WiWE which we analyzed in the previous section.” These terms are proportional to R

or §,,, and therefore, when written in superspace language, they are proportional to R or
G, with the single exception of Wi + W?* | which we analyze at the end.

For each fourth-order scalar polynomial of the Riemann tensor we now give its su-
perspace supersymmetric form, when it exists. For all the component expansions see ap-
pendix [A]. Also from these component expansions, or from the off-shell relations (A.4),
(AF), (A§), we can derive the R-weights of the superfields and their derivatives [f]:

Var— +1, R+— +2, G — 0, Wapc — —1 (3.1)

Having these weights, we can mention in advance that all the actions we are going to
consider preserve R-symmetry.

3.1 RY
The supersymmetrization of the R* polynomial is written, in superspace, as
o _ 3 5 1 o _
! / ERR (V'R) (V°R) d*0 = —S'* / ¢ <v2 + §R> |BR (V°R) (V2R)| d% + h.c.
(3.2)
_ — 9 \2
This lagrangian contains a %Ii46 (VQR)Q‘ <V2R) ‘ term, the bosonic part of which being
1536K1eR ™.
3.2 R2S,, 8"
The supersymmetrization of the ’RQSWSW polynomial is included in the following super-

space lagrangian:

it / EBG* (V'R) (V?R) d*0 = —g# / e <V2 + %E) (62 (V°R) (V?R)| %0 + hc.

(3.3)
This lagrangian contains a %FL46 V2R‘ vQR‘ <V2V2 + V2V2> GQ‘ term. From ([A.33), and
since VAVAGB—B‘ VAVAGBB| = S, " +fermion terms, VQWQGQ‘ = —1—18722—2SWS“”+

fermion terms, the bosonic part of this lagrangian is given by — %n4e724 — 48/@467?,28“”8“”.

3.3 RS, S8

The supersymmetrization of the RS, S'»S"? polynomial is written, in superspace, as

o [ B[R (VaV400s) (V06 (Ve™) +e] a' 3.4
- -3 / ¢ <v2 + ?) [R(VaViGps) (VO6H) (VeGPP) +he] 0+ he.

"'We recall that the superfield components which contain the Riemann tensor are V2§’ containing R,
VAVAGBB‘ containing S,y = Ruw — iRgW, and VaWgcep| containing Wapep := —%WIUPUU&U&

(see appe;hx E)



This action contains a %FL46 VZR‘ VaV,iGgp VCVCGAA‘ VCVCGBB +h.c. term. Since
VaV ,iGgp VCVCGAA‘ V(;VCGBB‘ = —SWS“US”" + fermion terms, the bosonic part of
this action is indeed given by 3&467?,8”,/5“ -SYO.

3.4 5,8M"S,,5P7

The supersymmetrization of the S,,8*S,,S877 polynomial is included in the following
superspace lagrangian:

K / E (VQGQ) V2G2d4 (3.5)
This lagrangian contains a %1646 VQVQGQ‘ V2V2G2‘ term. Again from ([A.33), the bosonic
part of this lagrangian is %/{%SWSWSPOSW + 1—1216467?,25WSW + ﬁlﬁleR‘l.
3.5 8,888,

The supersymmetrization of the S, S’ oSP?S", polynomial is written, in superspace, as
! / E (VOGH) (VGPE) (VOG,,4) (VoGPE) dto (3.6)
_ 3 4 =2 15 CAA BB C . BB 2
= —ix /e(V +§R> [(VOGA) (VoGPP) (VG ,.,) (TeGPP)] d20 + he.

This action contains a %n‘le VAVAGC—C‘ VAVAGDD‘ VBVBGcc',‘ VBVEGDD‘ term, the
bosonic part of which being given by %n‘leSWS“(,SPC’S”p.
3.6 RS,,S,o WHP?

The supersymmetrization of the RS,,,5,,WH"P? polynomial is written, in superspace, as
i / E|R(VAGEE) (VOG5 ) VoWape — R (VAGHE) (VOG L) VWise| d'0 (3.7)

- g,# / ¢ (vQ 4 é}‘g) [R (VAGBB) (VCGDB> VpWasc + h.c.} d%0 + h.c.

This lagrangian contains a %Ii46 V2E| VAVAGBB‘ VAVCGDB‘ VAWBCD| + h.c. term.
Using (B.3) one can derive VAVAGBE VAVCGDE‘ VAWBCD‘ = —38,Su W +
fermionic terms, and one can then show that the pure bosonic part of this lagrangian
is 2/&46738#[,3,,01/\/“”””.

3.7 R2W,pe WHVPO

The supersymmetrization of the RQWWPUWWP” polynomial is written, in superspace, as

_ P 3 o 1 VR
/<;4/ERR (Vw24 V') a0 = —5,14/6 <V2+§R> [RR (VW + v2W2) | %+ hc.
(3.8)
This lagrangian contains a %FL46 V2R‘ vQR‘ <V2W2 + V2W2>‘ term, the bosonic part of
which being given by —48/{467?,21/\/#,,,001/\/“””".



3.8 SAS™ W,y pe WHPT

The supersymmetrization of the S, AST)‘WWPOWWW polynomial is included in the follow-

ing superspace lagrangian:

K / EG? <V2W2 +v2W2) 440

3 —2 1 S
S / . <v2 + —R> [GQ <V2W2 + VQWQH 420 + h.c. (3.9)
2 3
. . . 2 2 2 2 2 _2_2
This lagrangian contains a 1_6 <V Ve + VeV >G ‘ <V W+ VW )‘ term. Its pure

bosonic part is given by ﬂli eR2WWpUW“”p” + 561%487— AST)‘WWPUWWP”.

3.9 S, STIW; pp, WPV

The supersymmetrization of the SWST)‘WTPAUWWW polynomial contains the following

superspace lagrangian:
! / EWpopWyep (VEGPY) vOGPPa'

= —ixt / € <v2 + §R> (WhopWsep (VEGEC) VOGPP) d0 + hie. (3.10)

This lagrangian contains a %‘646 VAWBCD{ VAWBC‘D‘ VAVBGBC‘ VAVCGPD| term.
Since VAWBCD‘ VAVAGB = 184 WIVPOUZYDJAB 2W:UPUS Poy, 107, + fermionic

terms, using the symmetries of the Weyl tensor one can derive the pure bosonic part

of this lagrangian, which is —2x eSWST)‘VVJr WHPE,

3 TPAC
3.10 S“TSV)‘WT,\,,UWWPU

The supersymmetrization of the S 7 S, Apo YWHYP? polynomial is written, in superspace, as

! / B [WapeW O (VAG ) VPG +he| d'o

3 s 1 .
= _5,{4/6 <v2 + §R> [WABCWCEF (VAG,5) VEGF +h.c.] d*0 +hc. (3.11)

This lagrangian contains a —%FL46 VAWBCD‘ VCWDEF| VAVAGEB‘ VAVBGFB‘ + h.c.

term. Since WCPBEWpap = éO’BFO'T)\ WJVPUWTAM the pure bosonic part of this la-

grangian is easily shown to be 8/<; eWTApUW“”p"SHTSV}‘.

3.11 RW,, M Wenpe WHYP?

The supersymmetrization of the RW, WT,\pUWWp" polynomial is written, in super-
space, as

K / E (RWABCW PEV s Wepp + h.c.) d*6

. 1—
_ _g,;l/ <v2 + §R> (RWABW PENY sWepg +h.e.) d20 + he. (3.12)



. . . =2 .
This lagrangian contains a %Ii4€ \% R‘ VFWABC| VFWADE| VeWepe|+h.c. term. Since
WABCFWAFDEWBCDE = —%WIZ, T’\W:/\MW_’:VW, the pure bosonic part of this lagrangian
is %“46RWWT/\WTApaWWPU-

3.12 Discussion of the results

We have identified, for a total of twelve independent real scalar polynomials made from
four powers of irreducible components of the Riemann tensor, their corresponding super-
space lagrangians. Obviously our choice of basis for these polynomials is not unique, and
linear combinations of the superspace lagrangians we found can be taken freely, in order
to supersymmetrize any desired linear combination of the Riemann polynomials.

Also other contractions of indices could have been taken, both in the Riemann poly-
nomials and in the superspace lagrangians, but they would always be equivalent to some
linear combination of the independent lagrangians we chose. For example, let’s consider

! / E [WeepW PP (VpGp) VOGPE 4 hie.| d'f (3.13)

3 - 1 .
= —ox! / : <v2 + §R> (WeopWEEF (VG ) VOGP 4 hie.| d20 + D,

This lagrangian contains a %I{4€ VAWBC_D‘ VAWBEF‘ VAVEGFB‘ VAVCGDB‘ + h.c.
term. From our previous results, it is easy to show that its pure bosonic part is given by
2—1416465MTSV)‘WT)\WWWPU + %/{465T,\ST’\WWPUWW”U. It is easy to see that it is a linear
combination of the bosonic parts of (B.§), (B.9) and (B.I1)). Indeed, by partial integration in
superspace, one can see directly that (B.13) is a linear combination of (B-8)), (B.9) and (B.11)).

All the supersymmetrizations we have been considering, as we mentioned, are propor-
tional to R or G,,. If they are written simply as quantum corrections to pure supergra-
vity, they can be reabsorbed by field redefinitions, according to [P} §]. In superspace this
can be seen very clearly. We recall that the general variation of the supergravity action
1= # [ Ed*0d*z under any transformation of the supervielbein which preserves the
off-shell torsion constraints is given by [[[]

2 i 1—— 1
24201 = / E <§¢XAAGA it RO+ §RU) d*zd*0 (3.14)

The superfields U, XAA are completely arbitrary. Any correction term proportional to R or
Gy, can be written in the form (B.14) and, therefore, reabsorbed in the supergravity action
by a redefinition of the supervielbein. In fact, these correction terms to pure supergravity
vanish on shell, because the field equations for pure supergravity are R = 0 and G,,, = 0.
The supervielbein redefinition will, though, introduce new higher order superinvariants (by

10" or more), which may vanish on-shell or not, as

higher order, in this section, we mean x
we will see below.

The correction in ([L.1]) cannot be written in the form (B.14)), nor can its variation. In
this case, the variation is much more complicated and, although still being proportional to
the arbitrary superfields U, XAA, it includes terms with derivatives of R, G,, and Wapc [

These terms imply the nontrivial field equations for the auxiliary fields.



There is an interesting aspect about the RWWT’\WT)\WWW”U action (B.12): it has
three powers of the Weyl tensor, while all the other actions we have been considering in
this section have at most two powers of the Weyl tensor. This means all the previous
actions have, in superspace, up to derivatives, at least either two G, factors, or one RR
factor, or one (R + R)G,, factor. It is then obvious that these actions will not change
the supergravity field equations R = 0,G,,, = 0 by themselves; any arbitrary variation of
R or G,,, no matter how complicated it is, will always be multiplied by R or G,, (up to
derivatives and complex conjugation) and, therefore, will not change any solution to the
field equations. But that is not the case in the action (B.12): a variation of R would be
multiplied by Wapc terms which do not vanish on-shell and, if it is nontrivial, it could

induce changes in the field equations.

Indeed, R = —3iT N 1:-‘4‘4 and, in the notation of our previous paper [fi],
AA BB AA AB A AB A ABB A
0Ty 7 = —gHy i T " A HOT i + HOVT g™ + SHT gy +
+7,MPHS + 1, APHS -V HAY VAR A (3.15)

The torsion terms are all proportional to R or G, and vanish on-shell. The same is true
for the V , i H44 term (recall that the full set of H,Y was computed in [[I]). The VAHAAA
term introduces the following “dangerous” terms:

=2 1=\~ 3 ~ .
SR = V* [<V2+§R>U—ZVAAXAA—31' (VaV ;= V;iVa) x| +...  (3.16)

These terms are nonzero on-shell, if (B.12)) is taken as a correction to pure supergravity,
and will induce a change in the field equations. This action has the combined features
of all the distinct actions we have analyzed: it changes the supergravity field equations
like ([.T) but, because it is proportional to R, it can still be reabsorbed in the supergravity
action, by a supervielbein redefinition, like all the actions we have analyzed in this section.
Furthermore, because the supervielbein variations H ]\év include derivatives of x” and U,
we get, after partial integration, terms with derivatives of R and G, in the superspace field
equations, which may mean that also with this action the auxiliary fields have nontrivial
field equations.

After reabsorbing this term, both in pure supergravity and in ([L1]), the new higher-
order superinvariants which are generated are just powers of the Weyl tensor, which do not
vanish on shell. Therefore, although this counterterm vanishes on-shell, it generates non-
trivial higher-order superinvariants, even in pure supergravity (without the W* correction
in ().

All the other terms we have considered in this section up to now introduce higher
powers of either R or R, which vanish on-shell if they are the only quantum corrections
to supergravity. They will not vanish on-shell when we include the W* correction in (L3).

We emphasize again that the full loop () expansion is not fully given by ([L.1]), even
after having the higher order terms from the redefinition of the supervielbein. These terms
may need to be included in the full action with different numerical coefficients, and also
other higher order terms, not obtained from the redefinition of the supervielbein, may be

needed.

,10,



3.13 W* terms

To conclude our analysis of the Rf‘wm superinvariants in four dimensions, we discuss now
pure Weyl terms.

There are two possible W* polynomials in four dimensions: the most interesting
W_ZFWE, which we analyzed in [[] and in section P, and Wj‘_ + W?2. This last term simply
cannot be supersymmetrized, as noticed in [f]. Indeed, in components, this term would be
written as (V2W2|)2 + h.c., which is not a supersymmetric combination (it cannot result

from a superspace integration).

4. Conclusions

4
Hrpor
them can be supersymmetrized and, from these twelve, only one — Win — cannot

From the thirteen independent polynomials that can be built from R only twelve of
be reabsorbed in the pure supergravity action by a redefinition of the supervielbein. If
this term is included, the field equations are changed and one gets a nonlocal action after
elimination of the auxiliary fields.

In this paper, we took the aWiWE case which we had already studied in superspace
in a previous paper, and we worked it out in z-space. We wrote down the action in
terms of the components of the W?2 superfield. We computed these components, leaving
the auxiliary fields which, on-shell, are an infinite series in the coupling constant o. We
worked these components out completely, just in terms of the vielbein and the gravitino, to
zeroth order in ae. We got then the supersymmetric W_%_WE action, but the field equations
of the auxiliary fields had to be truncated. This should be the three-loop supergravity
effective action, assuming this theory is not finite to this order.

We showed that every other wam term which has a R or R, factor is supersym-
metrizable, but can be reabsorbed in the pure supergravity action by a redefinition of the
supervielbein. For each of these terms, we wrote in superspace the respective supersym-
metric completion and we proved its R-invariance. After the supervielbein redefinition,
new higher powers of the Riemann tensor are generated, which we have not analyzed in

detail; we argued, though, that among these terms should exist powers of the Weyl tensor.

Acknowledgments

The author is grateful to his advisor Martin Rocek and to Ulf Lindstrom for very helpful
discussions. He also wants to thank Peter van Nieuwenhuizen for having taught him su-
pergravity and for having allowed him to study through the draft of the still unpublished
book [L1]].

The first part of this work has been supported by Fundagao para a Ciéncia e a Tec-
nologia (Portugal) through grant PRAXIS XXI/BD/11170/97. The second part has been
supported by NSF through grant PHY-0098527.

— 11 —



A. From superspace to components in N' = 1,d = 4 supergravity

Our conventions have been mostly described in [[l]. The Riemann tensor admits, in d

spacetime dimensions, the following decomposition in terms of the Weyl tensor W,,,,¢, the
Ricci tensor R, and the Ricci scalar R:

1
Ruvps = Whvpo — d_2 (9upRuo = GupRyuo + JvoRup — GuoRup) +
1
I J— R Al
+(d—1)(d—2) (Yup9ve — GupYuo) (A.1)
We define the traceless Ricci tensor as
1
S =R — EgWR (A.2)
In four dimensions, the Weyl tensor can still be decomposed in its self-dual and antiself-dual
parts:
_ 1 S
WMVPU = W;—l—upa + W;,LV/)O'?W;'L:V/)O' = 5 (WMVPU * §€MV TW}\TPU> (A3)

Superspace supergravity is described by two antichiral superfields R, W 45, their com-
plex conjugates and a real superfield G , ;, which describe the off-shell solution to the
Bianchi identities. These identities imply the following differential relations between the
superfields:

1
VAG 5 = 51Vl (A.4)
VAWABC =3 <VBAGCA + VCAGBA) (A.5)

From ([A.4) and its complex conjugate and the solution of the Bianchi identities, we
may also derive the following useful relation between superfields:

V2R - V'R = 96iV"G,, (A.6)
These relations (A.4), (A.5), (A.6) are off-shell identities (not field equations).

In order to determine the component expansion of the supergravity superfields, we use
the method of gauge completion [[[T]-[[4]. The basic idea behind it is to relate in superspace
some superfields and superparameters at § = 0 with some x space quantities, and then to
require compatibility between the z space and superspace transformation rules.

We make the following identification for the supervielbeins at 8 = 0 (symbolically Er][V {)

1A 1, A
el U Yy
Effl=10 &34 0 (A7)
A
0 0 0 5
In the same way, we gauge the fermionic superconnection at order § = 0 to zero and we
can set its bosonic part equal to the usual spin connection:
Q,umn‘ - w,umn (.%')

Q. 0,0 =0 (A.8)
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We also identify, at the same order 8 = 0, the superspace vector covariant derivative
(with an Einstein indice) with the curved space covariant derivative:

Vul =D, (A.9)

These gauge choices are all preserved by supergravity transformations.
As a careful analysis using the solution to the Bianchi identities and the off-shell rela-
tions among the supergravity superfields R, G,,, Wapc shows, the component field content

of these superfields is all known once we know?

R|, VaR|,

G

VAGQA , VAVAGB_B . Wapcl, VQWM‘
(A.10)
and their complex conjugates.

All the other components and higher derivatives of R, G 14> WaBc can be written as
functions of these previous ones. In order to determine the “basic” components, first we
solve for superspace torsions and curvatures in terms of supervielbeins and superconnec-
tions using the identifications (A.7) and (A.§); then we identify them with the off-shell
solution to the Bianchi identities. The process is now standard [[2]-[[[F]; we simply collect
here the results.

R| = 4(M +iN) (A.11)
G il = éAAA (A.12)
VAR| = —4¢mnBam"A — 40 (M +iN) ) P — 4iA™ (A.13)
Q‘ wco DA g (M +iN) Y ep +
+t5 24 <3AAC¢CDC Acetbap <+ 3ACQ’¢CQA) (A.14)
Wapc| = ¢A BCC i Achcc
= —iwmnéa@ - i m¥nAOBC (A.15)

With this knowledge, we can already compute V,,G,,|, which is necessary to compute

in z-space the terms we analyze in the main text:
1 1 4
= gemD Ant 5 (M—ZN)¢ Yna = 75 (M +iN) Yptp, 5 +
+ wnp Lt = T3 Anty ot - —% Lt = T3 Aty ot o -
1
A A A
245npq5¢pq S A¢ 245npqu T/Jq y Awm -

1 1
245npqswpq/l SAZZ) + 5npqu ¢qA SA¢A (A16)

?Underlined indices are symmetrized with weigth one; undotted and dotted indices are always sym-

metrized independently.
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To express V2§| , VAVAGBB‘ , VQWML one must identify the (super)curvature
R,,,™" with the z-space curvature R ™", multiply by the inverse supervielbeins E WEN,
identify with the solution to the Bianchi identities for Rjsn and extract the field contents
by convenient index contraction/symmetrization. The field content of these components
will include the Riemann tensor in one of its irreducible components (respectively the Ricci
scalar, the Ricci tensor and the Weyl tensor).

The result for Vzﬁ{ is well known; it is necessary in order to compute the action for

pure supergravity [[[J:
B 16
VER| = <8R = 3 (M?+ V) = A" A+ 160D, A7 +
+ 2€mnrsO';4A"l/1mnAer — 2€mnTSU;4A¢mAwnrA +

+8(M +iN) ™ + 84,0 gy — 1604, 00" . (A7)

The procedure for computing VAVAGBB‘ , VQWABc| is described in detail in ap-
pendix B of [id], but the full calculation, in terms of the supergravity multiplet, is just
outlined. The results, expressed as functions of the known components, are

VAVAG@‘ = —1 VAAGBB‘ + RWWUABU + GAA‘ GBB‘ 4180?§¢mA¢n5 R| +
+ 418 O atns BRI+ J0RB, 105 Cog| + —aggwméw,? Gpe|+
+48 o s VBE| +48 oy ivma VaR| - 5 A.qu VeGyp| -

. gaAAwm VEGep| - g m ma VCGBB‘ 8 o ma VpGE (

- i%ﬁ% VaGpp| = gffA i Vi GBC‘ 04 “ui VC‘GBB‘ +

+£a§(j¢g ViGpp +g giwc VGpe| + aAAwm VG| +

+ UA ZDmB Wipe| — -¢m3 Wasc| (A.18)
VaWgep| = —%meaﬁa& - ﬂUAmeC¢nD R| - —UAB%;L%Q GQC" -

10 ¥mB VQGQC‘ +iUAC-¢m Waen| (A.19)
Due to the identity
EmnpgOag = 200mnAB (A.20)
the operator Jﬁa& acts as an “antiself-dual projector”:

Riuvpo 04 50Cn = WipoOhpolp = —8Wascp (A.21)

Winps o507 = 0 (A.22)

One can also show that

1 1
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Defining R 4 iggep = _%RAABanUgB’ the decomposition (JA.1) can be written
as [[3]

1 1
_ + uy - po w v
RAABBCD - ggABWquJUABUCD + 551430'07140'@ (Ruu - ZQ;WR> -

1
— 155in (facepp +eapepc) R (A.24)

By extensively (and judiciously) using the equalities

ag(ja&a’];j = 0800&01;373 + acéaggagc - EC'«AO'TEUZE +
+2ecage (7PN = 0™ N™) o g (A.25)
ORBOG i+ OAROGL T OUpo s = 21" e aco b4 (A.26)
TRBhe T TiEThe T OipTh0 = 21" 4o o g (A.27)

we carried the full computations of V4V ;G5 B‘ and VWpco D!, the results of which we

now present (to our knowledge, for the first time in the literature):

1 1
VaV iGgp :—505114023 <RW—ZQWR>—|— —An A, O'AA BB 3emD Ano AA BB

~ 3 (M +iN) o'} T Ai ngmwnc wzwmnAagB wmnAwA BB

— Lot S + 50 0y + TOBOY U+

+ Egmnpq¢zn gaqgj 1 mnpqu ¢Zp ?3]3 42887””1”1’4 b i qBB +
L pam s+ —AmagA¢n§¢g - %Amamwng -

1 .
- EO-ZLBU m¢r€¢p3+ 12 ZL]_I; ZC m¢n§¢p + 40{25 icAmwnﬁwg_

1 co,
v 1 '
VAWLCD‘ W,uupa ABUCD 4UZL§U£~A mwanA UABUCA manT/ffl -
: A
- ZO-AiBUCAqanqur + UTEUZATZ)WLHQ¢T (A29)

Knowing these components, we can compute, in z-space, any action which involves
the supergravity multiplet. As an example, necessary for our purposes, we indicate how to
compute some other derivatives of G,, which arise in the field content of some of the terms
in section [J.

VG2 = GPPY Gy | (A.30)
V6 = (VAGPP) 4Gy — 2GPPV R — RGP (A.31)
VAVIG? = 2 (VAGPE) VAV 4G - : (VAGPE) VR - (GPPVAY R -

— G’V R - RGPPVAG (A.32)
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1
1152

1' Q AQ . . _1' m 275
+6<VG ) VapVeR GV, V'R

. — — i : 1 —
VG = (VR) VR -2 (VAVAGPP ) VaV 4G — -GV R +
1

144

U oamy o e LBt o o R L oo
+ 355 B (V'R) VaR + 5GP (V5R) VR + o (V'R) ViR
7

. . _ . ) _
- gGBB (VAR) VaGpp + 5Gpp (VAR) VAGPE + §IRG" VR —

_igmemy p_ 1l (vAgBB\ v v, B - 2r(VAGBE v .c .
CRG"VR — < (VAGPP) V VAR - 2R (VAGPE) V4G +

+ RRG? + 8 (V™G™) VG — 8 (VG™) VG + 8i2™ (V,,G) VG +
+8i (VAGHE) VA VG, — 12 (VAGPE) G4V AGyp +

(Ve.R) VACVAR +

ABC
+16W PGV G g (A.33)

B. Detailed calculation of V,W?| and V?*W?| at tree level
Let’s start by computing VAW2‘. From (R.§), we may write
VaW?| = =2 WP V4 Waep| + O (o) (B.1)

which may be written, from (A.15) and (A.29), as

1 o { A
VAWQ{ = —TGRMVpUJﬁJé;DmeUgD - gWSBT/Jmnglpra,gDa%apQ +
i A
+ gwstpwmn il oRpetst + 0 () (B.2)

Let’s consider first the terms in (R.11)) which depend on the Riemann tensor. Using the
expansion

2 2
mn _pq _rsAB __ = pq ms, nr mr,ns = _mn DS, qr DT, qS
OABOGDO = —50cp (""" =n™"n") = Sodip (0™ —nP'n™) —
TS mp, ng np, mq 2. mnrs __pq 2. pqrs __mn
— z00p (™" — 0"y — Zie Ocp — Q%" 0cp —
3 3 3
i pgnr __ms i pgmr __ns i mnqr _Ps i mnpr _qs
— =& O'CD+6€ Ocp — =€ UCD+6€ O'CD+
_{_i pgns __mr E pgms _nr _{_i mngs _pr E mnps _qr +
1
s mu, nr nu, mr mnpu, qr mnqu,,pr
20, g (SPIT = SPIT 4 T g
1
r pgmu, ns pgnu, ms mnpu, qs mnqu,.ps
= g 0u op (M = PTHTE 4 TT — TER) - (BL3)

those terms can be obtained from the corresponding one in (B.2). The terms in (R.11)
which do not depend on the Riemann tensor can also be obtained from (B.2)) using the
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expansion

oo Pxotp = %UT‘ P — (" — 0™ 4 i) xavp +
+ (1), P xsYD — %UW Prrsxpyp + éams P xpvs —
- éamr Py pibp — %U"S Py xpYp + éam Pymsxpvp —
_ éo_ns D 0P + éo,nr D 1S\ s + égmnr oS DXBwD _
- éﬁ o Pxp¥p + 66"””} * Pxpip - 6 o Pxpvp (B.4)
This concludes our derivation of (P.11]).
In order to compute V2W2| we write, from (2.§),
VEW?| = =2 VAWBOP| v Weep| + O (@) (B.5)
which we may write, from ([A.29), as
V2W2| _ 2WABCDWABCD + RﬂVPUTzZ)mD¢rsAO-CA rsABO_,le;O_éCb

1
CA AB _uv AB A _sCB
8 Wpowrswm o UMBUCD'F 8UABqu 6 * erwmnAw wqu +

1 . .
mn _pgAB _r A __sCB oD .
+ §0A730 oo YmnDV, 4 pq¢sB —

1 . .
_ ZU%JPQABO.TQAUSCBwrQ¢mnA¢I€1¢SB + O (Oé) (BG)

From the decomposition ([A.24) one can easily derive

ABCD vpo
w Wapcp = WEPPWE (B.7)

Using the expansion (B.J), it is straightforward to check that

D CA _rsAB pv _po + A A
R;wpcr¢m ¢rsAO- o'’ UABJCD - _Wuupa¢p ¢MV O-ZA
CA _rsAB A pA
Ruvpobiog a4 P ool = —W,TVMW” (e (B.8)

Having these expressions, we get (P.19).
We include here the full o-matrix expansion for the four-fermion terms; we did not
include it in the main body to keep the text more readable:

mn __r AaqujUsQngE

OABOC
1 1
_ 12 O_ABO_quB E’A SCBgDE + 12O_ABO_quB E’A sDB CE +

1 . . 1 . .

+ EJZLEO-quCO-E' AO_sBBgDE' + EO_ZLEO_quDO_E AUSCB6BE +
1 . . 1 . .

+ EO_ZLEO_quDO_E AO_sBBeAE + EJZLEO-quCO-E' AO_sDBeBE +
1 . .

+ EO_ZLEO_quDO,E AO_sBBECE
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_3 (nmqnnp _ nmpnnq + Z'Emnpq) <O,T‘SAB + 77TS€A3> &,DE +

. EA _sDB
(nmqnnp _ nmpnnq + Zsmnpq) o’ oS _

+
i i R

. DE - -
<77np0_mqDE _ nmpo_anE + Zemnpto_tq > (nrseAB + O_rsAB) _

- (nmp,r}ns,r}rq _ nnpnms,r}rq _ nmq,’,}ns,’,}rp + nnqnms,’,}rp) 5ABgDE _

(Emnspnrq _ 2,_:mnsanp + qurmnns o qurnnms) 2,_:ABEDE .

ms, rq npAB ns, rp quB ns, rq mpAB ms, rp nqAB DE
non-o +nrnto —-—n-n-o -n -n-o e =

<€mnsunrp0,quB _ Emnsunrqo_upAB + 2,_:pqrunmsO_unAB _ qurunnso_umAB> EDE +

. . A :
nmunns . nmsnnu + ngnsu) (npvnrq o nrpnqv + 2[_:pqrv) 0_51 O_UDB +

_l’_

_l’_

[(nmanp_nmpnrq + igmpqr) O,nEA_ (nnanp_nnpnrq + ianpqr) O,mEA} O,SDB +

—+

(nms,r}np_nmp,r}ns + ,L-smnps) O_qDB_ (nnqnms_nns,r}mq + ,L-smnqs) O_pDB] UTEA+

(Emnpunqr _ 2,_:rrmqunpr) O,EAO,SDB + - (gmpqunns o Enpqunms) O'TEAO'QIL)B +

_l’_

i opp 1
gMmnu pqr O_EAO_SDB + =

mnsv __pqu rEA_DB
o 68 et o o, +

+
DA D=2 DRI DR D= O

_l’_

£mnsu pqrv <77u1)5AB _ O,LI?UB) 2,_:DE (BQ)
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