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Abstract: A new generation of parton distribution functions with increased precision

and quantitative estimates of uncertainties is presented. This work significantly extends

previous CTEQ and other global analyses on two fronts: (i) a full treatment of available

experimental correlated systematic errors for both new and old data sets; (ii) a systematic

and pragmatic treatment of uncertainties of the parton distributions and their physical

predictions, using a recently developed eigenvector-basis approach to the hessian method.

The new gluon distribution is considerably harder than that of previous standard fits. A

number of physics issues, particularly relating to the behavior of the gluon distribution, are

addressed in more quantitative terms than before. Extensive results on the uncertainties of

parton distributions at various scales, and on parton luminosity functions at the Tevatron

RunII and the LHC, are presented. The latter provide the means to quickly estimate the

uncertainties of a wide range of physical processes at these high-energy hadron colliders,

based on current knowledge of the parton distributions. In particular, the uncertainties on

the production cross sections of the W , Z at the Tevatron and the LHC are estimated to

be ±4% and ±5%, respectively, and that of a light Higgs at the LHC to be ±5%.
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1. Introduction

Progress on the determination of the parton distribution functions (PDF’s) of the nu-

cleon, from global quantum chromodynamics (QCD) analysis of hard scattering processes,

is central to precision standard model (SM) phenomenology, as well as to new physics

searches, at lepton-hadron and hadron-hadron colliders. There have been many new devel-

opments in recent years, beyond the conventional analyses that underlie the widely used

PDF’s [1, 2, 3]. These developments have been driven by the need to quantify the uncer-

tainties of the PDF’s and their physical predictions [4]–[12]. We report in this paper on

a comprehensive new global QCD analysis based on the most current data, and on the

recently developed methods of uncertainty study of [10, 11, 12]. This new analysis includes

a full treatment of all available correlated experimental errors, as well as an extensive

exploration of the parametrization of the input non-perturbative PDF’s.

Although this work is built on the series of previous CTEQ parton distributions [2], it

represents more than an evolutionary updating of previous work to incorporate new exper-

imental data sets. The methodology of [10, 11, 12] goes beyond the traditional paradigm

of producing some subjectively chosen “best fits.” It introduces a set of efficient and prac-

tical tools to characterize the parton parameter space in the neighborhood of the global

minimum. This allows the systematic exploration of the uncertainties of parton distribu-

tions and their physical predictions due to known experimental errors and due to the input

theoretical model parameters.

There are many complex issues involved in a comprehensive global parton distribu-

tion analysis. Foremost among these on the experimental side is the “imperfection” of

real experimental data compared to textbook behavior — for instance, some experimental

measurements appear to be statistically improbable because the χ2 /N deviates from 1

substantially more than the expected ±
√
2/N ; or different precision experimental mea-

surements of the same physical quantities appear to be statistically incompatible in all

regions of the model parameter space. The methods of [10, 11, 12] cannot resolve these

problems — no global analysis method can — but the tools developed in this formalism

make it possible to look deeper into some of these problems, in order to assess the accept-

ability and compatibility of the affected data sets in more practical terms, and to suggest

pragmatic ways to deal with the apparent difficulties. These detailed studies were not

possible in the conventional analyses [1, 2, 3, 13]. On the theoretical side, the uncertainties

on the perturbative QCD (PQCD) calculations of the various physical processes included

in the global analysis are not easily quantified in a uniform way. We do not address that

problem here.

Section 2 summarizes the experimental and theoretical input to the global analysis,

emphasizing the new elements in data sets and in methodology. Section 3 presents results

on the new generation of PDF’s: the “standard” CTEQ6 sets, as well as the eigenvector

sets that characterize the uncertainties. It also includes discussions of various physics is-

sues relating to these global fits. Section 4 presents some general results on uncertainties of

physics predictions due to PDF’s, in the form of parton-parton luminosity functions for the

Tevatron RunII and for the LHC. Section 5 compares this work to previous studies of PDF
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uncertainties [4]–[7] (primarily on DIS experiments), and to a recent general PDF analy-

sis [13]. Four appendices concern: (A) detailed information on the new standard parton

distribution set CTEQ6M; (B) new formulas and tools for understanding the significance

of χ2 values for individual experiments and estimating ranges of uncertainties in the com-

parison of fits with data; (C) assessing the need for higher-twist (power-law) contributions

to the theory model; and (D) studying the impact of the flexibility associated with the

choice of parametrization for the non-perturbative PDF’s.

2. New input and methodology

The next-to-leading order (NLO) global QCD analysis carried out in this work is built

on the same basis as the previous CTEQ parton distribution sets [2]. In this section, we

describe the new experimental input and the new theoretical techniques, which together

have enabled substantial progress in this generation of global analysis.

2.1 Experimental data sets

Since the CTEQ5 analysis, many new experimental data sets have become available for

an improved determination of parton distributions. Particularly noteworthy are the recent

neutral current deep-inelastic scattering (DIS) structure function measurements of H1 [14]

and ZEUS [15], and the inclusive jet cross section measurement of DØ [16] (in several rapid-

ity bins, up to a rapidity of 3). The greater precision and expanded (x,Q) ranges compared

to previous data in both processes provide improved constraints on the parton distribu-

tions. Other recent data used in the analysis are the updated E866 measurements of the

Drell-Yan deuteron/proton ratio [17] and the re-analyzed CCFR measurement of F2 [18].

These new results complement the fixed-target DIS experiments of BCDMS [19, 20],

NMC [21], CCFR F3 [22], the Drell-Yan measurement of E605 [23], the CDF measurement

of W -lepton asymmetry [24], and the CDF measurement of inclusive jets [25], which this

study shares with the earlier CTEQ5 analysis. Even for these older experiments, our

new analysis, by including correlated systematic errors (cf. section 2.2 and appendix B.1),

incorporates more details than previous [1, 2] and recent [13] analyses. For instance,

for the BCDMS and NMC experiments we now use the data sets measured at separate

energies (which contain full information on correlated errors) instead of the combined data

sets (which, due to re-binning of data points, retain only some effective point-to-point

uncorrelated errors of uncertain statistical significance).

2.2 χ2 function and treatment of correlated systematic errors

The very extensive and precise DIS data from fixed-target and HERA experiments provide

the backbone of parton distribution analysis. In order to make full use of the experi-

mental constraints, it is important to incorporate the available information on correlated

systematic errors [4]–[7] and [10, 11, 12]. The same is true for recent data on inclusive

jets [16, 25], where the experimental uncertainties are dominated by systematics. Thus,

for the first time in the CTEQ series of analyses, we have included the correlated errors
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wherever available. Our analysis is simplified by a novel way of treating systematic er-

rors, formulated in [12] (cf. also the recent review [26]). As an introduction to subsequent

discussions based on this method, we mention its basic ideas and main features here. A

more complete summary of this method is given in appendix B.1, as needed to explain the

detailed comparison between data and fits discussed in that section.

In global fits not including correlated errors, one would minimize a naive global χ2

function defined simply as χ20 =
∑

expt.

∑Ne

i=1(Di − Ti)
2/σ′2i , where Ne is the number of

data points in experiment e, Di is a data value, Ti is the corresponding theory value

(which depends on the PDF model), and σ ′2i = σ2i +Σ
2
i is the statistical (σ

2
i ) and point-to-

point systematic (Σ2
i ) errors added in quadrature. The function χ

2
0 provides the simplest

means to search for candidates of “good” global fits, but has rather limited use in assessing

uncertainties of the resulting fits.

If there are K sources of correlated systematic errors, specified by standard deviations

{β1i, β2i, . . . , βKi}, in addition to an uncorrelated systematic error ui for data point i, then
a standard method to improve the treatment of experimental errors is to construct the

covariance matrix Vij = α2i δij+
∑K

k=1 βkiβkj, from which a global χ
2 function is defined by

χ2 =
∑

expt.

∑Ne

i,j=1(Di−Ti)V −1ij (Dj−Tj). (Here α2i = σ2i +u
2
i .) An alternative method is to

add K parameters, each associated with one systematic error, and to minimize an extended

χ2 function with respect to the combined set of experimental and theoretical parameters

(denoted by χ′2 in appendix B.1, eq. (B.2)). These well-known methods are equivalent.

Both face some practical, even formidable, problems in the context of global QCD analysis

because of the large number of data points (which can make the inversion of the covariance

matrix numerically unstable) and the large number of fitting parameters (which becomes

unmanageable when all systematic errors from all experiments are included).

The method formulated in [12] overcomes these difficulties by solving the problem of

optimization with respect to the correlated systematic errors analytically. The result is an

effective χ2 minimization problem with respect to only the theory parameters, as for the

simple case. The resulting χ2 function has the form (cf. eq. (B.5)):

χ2 =
∑

expt.





Ne∑

i=1

(Di − Ti)2
α2i

−
Ke∑

k,k′=1

Bk
(
A−1

)
kk′

Bk′



 , (2.1)

where {Bk} is a Ke-component vector, {Akk′} is a Ke ×Ke matrix, and

Bk =

Ne∑

i=1

βki (Di − Ti)
α2i

, Akk′ = δkk′ +

Ne∑

i=1

βkiβk′i
α2i

. (2.2)

Not only is the matrix inversion simpler and more stable (Ke×Ke with Ke ≤ 10, compared
to Ne × Ne with Ne as large as 300, in the correlation matrix approach), the explicit

formula for the contribution of the various sources of systematic errors in eq. (2.1) provides

a useful tool to evaluate the uncertainties in detailed analysis of the fits — as explained in

appendix B.1 and used in discussions in subsequent sections — which is not available in

the traditional approach.
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Figure 1: Illustration of the eigenvector basis sets for uncertainty analysis of parton distribution

functions.

2.3 Methods for analysis of uncertainties

The widely used parton distributions [1, 2, 3, 13] are obtained from global analyses using a

“best-fit” paradigm, which selects the global minimum of the chosen χ2 function. However,

the “best” PDF’s are subject to various uncertainties. Within this paradigm, the prob-

lem of estimating uncertainties of the PDF’s can only be addressed in an ad hoc manner,

usually by examining alternative fits obtained by subjective tuning of selected degrees of

freedom. Recent efforts to assess the uncertainties objectively, using established statistical

methods, have been mostly concerned with the precision DIS experimental data [4]–[7],

rather than the global analysis of all hard scattering data. As mentioned in the intro-

duction, there are formidable complications when standard statistical methods are applied

to global QCD analysis. The basic problem is that a large body of data from many di-

verse experiments,1 which are not necessarily compatible in a strict statistical sense, is

being compared to a theoretical model with many parameters, which has its own inherent

theoretical uncertainties.

In recent papers [10, 11, 12], we have formulated two methods, the hessian and the

lagrange, which overcome a number of long-standing technical problems encountered in

applying standard error analysis to the complex global analysis problem. We are now able

to characterize the behavior of the χ2 function in the neighborhood of the global minimum

in a reliable way. This provides a systematic method to assess the compatibility of the

data sets in the framework of the theoretical model [27], and to estimate the uncertainties

of the PDF’s and their physical predictions within a certain practical tolerance. The basic

ideas are summarized in the accompanying illustration, adapted from [11]. The behavior of

the global χ2 function in the neighborhood of the minimum in the PDF parameter space is

encapsulated in 2Np sets of eigenvector PDF’s (where Np ∼ 20 is the number of free PDF
parameters), represented by the solid dots in the illustration. These eigenvectors are ob-

tained by an iterative procedure to diagonalize the hessian matrix, adjusting the step sizes

1For our analysis, there are ∼ 1800 data points from ∼ 15 different sets of measurements with very

different systematics and a wide range of precision.
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of the numerical calculation to match the natural physical scales. This procedure efficiently

overcomes a number of long-standing obstacles2 encountered when applying standard tools

to perform error propagation in the global χ2 minimization approach. Details are given

in [10, 11].

The uncertainty analysis for our new generation of PDF’s makes full use of this method.

The result is 2Np+1 PDF sets, consisting of the best fit S0 and eigenvector basis sets in the

plus and minus directions along each eigenvector. From these PDF sets we can calculate

the best estimate, and the range of uncertainty, for the PDF’s themselves and for any

physical quantity that depends on them. The uncertainty can be computed from the

simple master formula

∆X =
1

2




Np∑

i=1

[
X(S+i )−X(S−i )

]2



1/2

, (2.3)

where X is the observable, and X(S±i ) are the predictions for X based on the PDF sets

S±i from the eigenvector basis.

2.4 Perturbative QCD parameters and input

The fundamental parameters of perturbative QCD are the coupling αs and the quark

masses. In principle, these parameters can be determined in the global fit, along with

the non-perturbative parton distribution functions. In practice, they are determined more

precisely and definitively in dedicated measurements. We therefore treat these parameters

as input to our global analysis. For αs, we use αs(MZ) = 0.118, the Particle Data Group

average [28]. (However, cf. the discussion on leaving αs free in the fitting in sections 3.3.4

and section 5.2.) The light quarks u, d, s are treated as massless, as usual. In the MS

scheme, the evolution kernels of the PDF’s are mass-independent: charm and bottom

masses enter only through the scales at which the heavy quark flavors are turned on in the

evolution. We take mc = 1.3GeV and mb = 4.5GeV.

The hard matrix elements that enter into the PQCD calculations are all taken to be

at NLO (except for the LO fit, of course). Although it is now possible to incorporate

charm and bottom mass effects in the NLO hard cross sections, in the so-called variable

flavor number scheme (VFNS) [29]–[32], we have decided to use the conventional (zero-

mass parton) hard cross sections in our standard analysis for three practical reasons. First,

hard cross-section calculations in the VFNS (with non-zero parton masses) are not yet

available for processes other than DIS. Second, even in DIS, there are different ways to

implement the VFNS. This introduces yet another type of “scheme dependence”, and

hence a source of confusion for users of PDF’s. (A recently proposed “natural” imple-

mentation of the VFNS [33], if widely accepted, could alleviate this source of confusion.)

Finally, since most users of PDF’s only have at their disposal the standard hard cross

2The obstacles are due to difficulties in calculating physically meaningful error matrices by finite differ-

ences, in the face of (i) vastly different scales of eigenvalues (∼ 107) in different, a priori unknown, directions

in the high-dimension parameter space, and (ii) numerical fluctuations due to (multi-dimensional) integra-

tion errors in the theoretical (PQCD) calculation and round-off errors.
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sections for zero-mass partons, it is preferable to have PDF’s determined by a global anal-

ysis calculated in the same way as they are used. In a subsequent paper, we will study

the heavy quark mass effects in global analysis in detail, and publish PDF’s determined

in the VFNS with a full treatment of quark mass effects, using the natural implementa-

tion of [33].

2.5 Parametrization of non-perturbative input PDF’s

The non-perturbative input to the global analysis are PDF’s specified in a parametrized

form at a fixed low-energy scale Q0 = 1.3GeV.
3 The particular functional forms, and the

value of Q0, are not crucial, as long as the parametrization is flexible enough to describe

the range of behavior permitted by the available data at the level of accuracy of the

data. Intuitive notions of smoothness may be built into the input functions. The PDF’s

at all higher Q are determined from the input functions by the NLO perturbative QCD

evolution equations.

The functional form that we use is

x f(x,Q0) = A0 x
A1 (1− x)A2 eA3x

(
1 + eA4 x

)A5
(2.4)

with independent parameters for parton flavor combinations uv ≡ u− ū, dv ≡ d− d̄, g, and
ū+ d̄. We assume s = s̄ = 0.2 (ū+ d̄) at Q0. The form (2.4) is “derived” by including a 1:1

Padé expansion in the quantity d[log(xf)]/dx. This logarithmic derivative has an especially

simple form for the time-honored canonical parametrization x f(x) = A0 x
A1 (1−x)A2 . For

our parametrization there are poles at x = 0 and x = 1 to represent the singularities

associated with Regge behavior at small x and quark counting rules at large x, along with

a ratio of (linear) polynomials to describe the intermediate region in a smooth way.

Equation (2.4) provides somewhat more versatility than previous CTEQ parametriza-

tions. For some flavors, it has more freedom than needed, so that not all of the parameters

can be determined by the present data. In those cases, some parameters are held fixed,

guided by the hessian method in the final fitting process as discussed in section 3.2 and

in ref. [11]. In the future, more data may find even this parametrization too restrictive —

first for the very well constrained u(x) — and it will be natural to proceed to a 2:2 Padé

form. To distinguish the d̄ and ū distributions, we parametrize the ratio d̄/ū, as a sum of

two terms:
d̄(x,Q0)

ū(x,Q0)
= A0 x

A1 (1− x)A2 + (1 +A3 x) (1− x)A4 . (2.5)

Altogether we use 20 free shape parameters to model the PDF’s at Q0.

An extensive study of the sensitivity of the global fits to the choice of parametrization

has been carried out in the process of this analysis, by trying different parametrizations, and

by using different values of Q0 (which is equivalent to changing the functional forms). In

3In CTEQ5 and other recent global fits, the slightly lower value Q0 = 1GeV was used. Because QCD

evolution is quite rapid in the Q ∼ 1−2GeV range, one gets enhanced sensitivity to the parameters when

starting from a relatively low scale. However, that rapid variation, which occurs below the region of

applicability of PQCD, can produce unusual behavior of the functions at small Q, which may have no

physical significance. Cf. the discussions in section 5.2 and appendix D.
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Figure 2: Overview of the CTEQ6M parton distribution functions at Q = 2 and 100GeV.

the main body of this paper, we concentrate on results obtained with the standard choices

described above. Comments on the effects of parametrization on the physics results will

be made in the text as appropriate. Some studies of results obtained with alternative

parametrizations are described in appendix D.

3. Results on new parton distributions

With the theoretical and experimental input, methods, and parametrizations described

above, we arrive at a standard set of parton distributions (the nominal “best fit”) together

with a complete set of eigenvector parton distribution sets that characterizes the neigh-

borhood of acceptable global fits in the parton parameter space. The study is carried out

mainly in the MS scheme.4 We now discuss the salient features of the results and the

related physics issues.

3.1 The new standard PDF sets

The standard set of parton distributions in the MS scheme, referred to as CTEQ6M,

provides an excellent global fit to the data sets listed in section 2.1. An overall view of

these PDF’s is shown in figure 2, at two scales Q = 2 and 100GeV. The overall χ2 for the

CTEQ6M fit is 1954 for 1811 data points. The parameters for this fit and the individual

χ2 values for the data sets are given in appendix A. In the next two subsections, we discuss

the comparison of this fit to the data sets, and then describe the new features of the parton

distributions themselves. Quantitative comparison of data and fit is studied in more depth

in appendix B.

4For the convenience of certain applications, we also present one standard set each of parton distributions

in the DIS scheme and at leading order. Cf. section 3.1.3.
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Figure 3: Comparison of the CTEQ6M fit to the H1 data [14] in separate x bins. The data points

include the estimated corrections for systematic errors. The error bars contain statistical only.

3.1.1 Comparison with data

The fact that correlated systematic errors are now fully included in the fitting procedure

allows a more detailed study of the quality of fits than was possible in the past. We can

take the correlated systematic errors into account explicitly when comparing data and

theory, by using the procedure discussed in section B.2 of appendix B. In particular, based

on the formula for the extended χ2 function expressed in the simple form eq. (B.6), we

obtain a precise graphical representation of the quality of the fit by superimposing the

theory curves on the shifted data points {D̂i} containing the fitted systematic errors. The
remaining errors are purely uncorrelated, hence are properly represented by error bars. We

use this method to present the results of our fits whenever possible.

Figure 3 shows the comparison of the CTEQ6M fit to the latest data of the H1 exper-

iment [14]. The extensive data set is divided into two plots: (a) for x < 0.01, and (b) for

x > 0.01. In order to keep the various x bins separated, the values of F2 on the plot have

been offset vertically for the kth bin according to the formula: ordinate = F2(x,Q
2)+0.15k.

The excellent fit seen in the figure is supported by a χ2 value of 228 for 230 data points.

Similarly, figure 4 shows the comparison to the latest data from ZEUS [15]. One again

sees very good overall agreement. The χ2 value is 263 for 229 data points. This is 2σ

(σ =
√
2N = 21) away from the ideal value of N = 229. A closer inspection of figure 4

does not suggest any systematic disagreement. To assess the significance of this 2σ effect,

we examine in detail the systematic shifts obtained in the fit in appendix B.3. We find

that they are all quite reasonable, thus giving us confidence that the fit is indeed of good

quality.

– 9 –
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Figure 4: Comparison of the CTEQ6M fit to the ZEUS data [15]. Same format as figure 3.

The new PDF’s also fit the older fixed-target DIS experiments well — similar to pre-

vious global analyses. Figure 5 shows the comparison to the fixed-target neutral cur-

rent experiments BCDMS and NMC. Because we are incorporating the fully correlated

systematic errors, the data sets used for these experiments are those obtained at each

measured incoming energy, rather than the “combined” data sets that are usually shown.

This more detailed and quantitative comparison is important when we try to evaluate the

statistical significance of the fits in our uncertainty analysis (cf. appendix B). The χ2

per data point for these data sets are 1.11 (378/339) for BCDMS and 1.52 (305/201)

for NMC. The fit to the BCDMS data is clearly excellent, both by inspection of fig-

ure 5a and by the normal χ2 test. For the NMC data, figure 5b shows rather good

overall agreement, but with some notable large fluctuations away from the smooth the-

ory curves. The most noticeable fluctuations — points with almost the same (x,Q)

values — are from data sets taken at different incoming energies.5 This is reflected in

the χ2 value which is quite a bit larger than expected for a normal probability distribu-

tion. This raises two issues: (i) Is the fit acceptable or unacceptable? (ii) Can the fit

be substantially improved by a different theoretical model, e.g. the inclusion of higher-

twist terms? The first question is addressed in section B.3, where the excess χ2 is shown

to be attributable to larger-than-normal fluctuations of the data points (which is unre-

lated to the viability of the theory model), and that the shifts due to systematic errors

5These fluctuations are smoothed out by re-binning and other measures in the combined data set [21],

which is not used here.
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Figure 5: Comparison of the CTEQ6M fit with the BCDMS [19] and NMC [21] data on µp DIS.

Same format as figure 3. (The offset for the kth Q value in (b) is 0.2k.)

(which is related to the goodness-of-fit) are all within the range of normal statistics. The

second question is addressed in section 3.3.2 and appendix C, where we show that the

inclusion of higher-twist contributions does not result in a substantial improvement of

the fit.

The charged-current DIS data from the CCFR experiment are also used in our global

analysis. The agreement between data and theory for the CCFRmeasurements of F2 and F3
is good, comparable to previous analyses. Because of the important role of the charm quark

in the quantitative treatment of this process, and the lack of information on correlations

between the current F2 and F3 data,
6 we defer a detailed study of the charged-current DIS

fit to the forthcoming global analysis including heavy quark mass effects.

Of the new experimental input, perhaps the most interesting and significant in its

impact on the parton distributions is the one-jet inclusive cross section from DØ [16].

These new data represent a considerable expansion in kinematic range over the previ-

ous jet measurements, by providing measurements in 5 separate rapidity bins, with η

up to 3.0. Our fits agree extremely well with these data, in both shape and magnitude

over the full kinematic range, as shown in figure 6a. Comparison to the corresponding

CDF measurement in the central rapidity region is also shown in the parallel plot, fig-

ure 6b.

The agreement between theory and experiment is made even clearer in figure 7 where

the difference between data and theory is plotted. The χ2 value for the fit to the jet data,

including all systematics, is 118/123, combining the two experiments. In figures 6 and 7,

6The CCFR F2 measurements have been re-analyzed in a model-independent way [18]. The new data

are presented in a such a way that correlations with the old F3 measurements [22] are no longer available.
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Figure 6: Comparison of the CTEQ6M fit to the inclusive jet data. (a) DØ (the boundary values

of the 5 rapidity bins are 0, 0.5, 1.0, 1.5, 2.0 and 3.0) [16]; (b) CDF (central rapidity, 0.1 < |η| <
0.7) [25].

the error bars are combined statistical and diagonal systematic errors.7 The ratio plot

comparing to the CDF data is not shown; it is similar to that of previous global fits, such

as CTEQ5HJ. A detailed study of the impact of these jet data on the determination of

gluon distributions and the potential for observing signals for new physics at the Tevatron

and the LHC will be carried out in a separate study.

3.1.2 The new parton distributions in the MS scheme

Figure 8 shows an overview of the comparison between the new PDF’s and the previous

generation of CTEQ PDF’s, the CTEQ5M1 set, at Q = 2GeV. In order to exhibit the

behavior of the PDF’s clearly for both large and small x in one single plot, we choose the

abscissa to be scaled according to x1/3. Correspondingly, we multiply the ordinate by the

factor x5/3, so that the area under each curve is proportional to the momentum fraction

carried by that flavor in the relevant x range. We see that the most noticeable change

occurs in the gluon distribution.

The gluon distribution. Figure 9 gives a more detailed picture of the changes in the

gluon distribution atQ = 2 and 100GeV. For low and moderate values of x, say 10−5 < x <

0.1, the most important constraint is due to the rate of Q2-evolution of the DIS structure

functions. The HERA data in this region are ever improving in accuracy, but the new

data has not made a sizable change in the gluon distribution, as seen in figures 8 and 9a.

(Below Q = 2GeV, one may find larger deviations between the new and old distributions,

7The DØ jet data involve partially correlated systematic errors which can only be characterized by a

full N ×N covariance matrix V . Our method of correcting for systematic errors on the data points, which

depends on writing V in a separable form in terms of the K × N coefficients {βji}, eqs. (2.1) and (2.2),

cannot be apply in this case.
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Figure 7: Closer comparison between CTEQ6M and the DØ jet data as fractional differences.

Figure 8: Comparison of CTEQ6M (dashed) to CTEQ5M1 (dot-dashed) PDF’s at Q = 2GeV.

(The unlabeled curves are ū and s = s̄.)

but extrapolation of PDF’s into that low-Q region is well known to be unstable. We will

return to this point in section 5.2.)

In the moderate to high x range, x > 0.01, the inclusive jet data are now playing a

very important role. The combined effects of the precision DIS and jet data have made
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Figure 9: Comparison of CTEQ6M (dashed) to CTEQ5M1 (dot-dashed) gluon distributions at

Q = 2 and 100GeV. (a) The small-x region; (b) the large-x region.

a significant shift in the shape of the gluon distribution, as seen in figures 8 and 9b. The

new gluon distribution is significantly harder than for CTEQ5M1 and all MRST PDF

sets (cf. section 5.2) at all Q scales. This behavior is mainly dictated by the inclusive

jet data, which lie in the range 50 < Q < 500GeV and 0.01 < x < 0.5. The DØ data

in the higher η bins now allow a higher x reach than the central jet data from previous

measurements. The hard gluon distribution becomes amplified at lower Q scales, due to

the nature of QCD evolution and the fact that there is no direct experimental handle

on the gluon at large x and low Q. The enhanced gluon at large x is similar to the

CTEQ4HJ and CTEQ5HJ distributions. However, there is an important difference in the

significance of the current result: whereas the “HJ” PDF sets were obtained specifically

for fitting the high pT jet data, by artificially inflating the weights of those points in

the global fit, the CTEQ6M gluon distribution results naturally from the new global fit

without any such special emphasis. The visually good fits seen in figures 6 and 7 are

quantitatively substantiated by the small χ2/N value of 118/123 for the jet data sets.

Since CTEQ6M represents the “best fit” in the global analysis, this gluon behavior is

also fully consistent with all DIS and Drell-Yan data sets used in the fit, as discussed

previously.

3.1.3 DIS and LO parton distributions

For most applications, the MS parton distributions are the most appropriate. But for

certain applications, PDF’s in the NLO-DIS scheme are preferred. For these purposes we

have obtained CTEQ6D by performing independent global fits in the NLO-DIS scheme.

Although, in principle, one could obtain NLO-DIS parton distributions by a simple trans-

formation from a NLO-MS set, the reliability of such a procedure is uncertain in x regions

where the numerical values of the PDF’s for different flavors (which transform into each
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other) are orders of magnitude apart.8 It is thus preferable to perform an independent fit.

The quality of fit for the NLO-DIS fit is comparable to that of the MS case.

Leading-order (LO) parton distributions are most useful for Monte Carlo (MC) event

generator applications, and also for simple estimates of high-energy cross sections. In

performing leading-order fits, one uses tree-level formulas for the hard cross sections,

and parton distribution functions evolved with leading-order splitting functions. For the

αs(Q) function, one can either use the LO formula for formal consistency, or use the

NLO formula which is arguably more appropriate for MC applications in which many

higher-order effects are included by the event-generator program. For this reason, we

present two sets of LO fits: (i) CTEQ6L uses the same αs(Q) function as the standard

NLO fits (CTEQ6M, CTEQ6D, and the eigenvector sets) with αs(MZ) = 0.118; and (ii)

CTEQ6L1 uses the LO formula for αs(Q) with Λ
(4flavor)
QCD = 0.215GeV (which corresponds

to α
(1)
s (MZ) = 0.130). When used with the corresponding (i.e. NLO or LO, respectively)

αs(Q), both of these are good fits to the global data, within the uncertainty range of

our analysis.

3.2 Eigenvector PDF sets for uncertainty analyses

As mentioned in the Introduction and in section 2.3, an important goal of this work is

to advance global QCD analysis to include systematic and quantitative estimates of un-

certainties — on both PDF’s and their physical predictions. For this purpose, we char-

acterize the behavior of the global χ2 function in the neighborhood of the minimum by

a set of eigenvector PDF sets, according to the method of [11] (cf. the illustration in

section 2.3).

The eigenvector sets are obtained in two steps. First, the full set of parameters de-

scribed in section 2.5 is probed with the iterative procedure of [10, 11], in order to identify

those parameters that are actually sensitive to the input data set.9 With current data,

and our functional form, 20 such parameters are identified. We then generate the eigen-

vector PDF sets in the 20 dimensional parameter space as described in [10, 11], with the

remaining parameters held fixed. This results in 40 PDF sets, a + (up) and a − (down) set
for each eigenvector direction in the parameter space, in addition to the central CTEQ6M

set. Ideally, in the quadratic approximation of the hessian approach, the χ2 curves would

be symmetric around the minimum, so that only one displacement would be needed for

each eigenvector. However, we observe some asymmetry in certain directions in practice,

so we have decided to generate both up and down sets in each eigenvector direction; this

provides more information on the behavior of constant-χ2 surfaces in the neighborhood of

8A recently discovered [34] error in the QCD evolution of DIS scheme PDF’s in previous CTEQ analyses

has been corrected in this work. This error has negligible practical consequences in physical applications

in the current energy range, because the small deviation in evolution was naturally compensated by the

fitted PDF’s. As long as the same DIS hard cross sections are used in the fitting and in the applications,

as is indeed the case, the same physical cross sections will be reproduced. We thank G. Salam for useful

communications on this issue.
9The sensitive parameters are those that are not close to “flat” directions in the overall parameter space,

as mapped out by the iterative diagonalization procedure of [10].
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Figure 10: Uncertainty bands for the u- and d-quark distribution functions at Q2 = 10GeV2. The

solid line is CTEQ5M1 and the dotted line is MRST2001.

the minimum.10 The up/down sets, called S+1 , S
−
1 , . . . , S

+
20, S

−
20, correspond to a tolerance

of T = 10 (cf. ref. [11]); i.e. their χ2 value is greater than the minimum by T 2 = 100.

The range of uncertainty corresponding to the choice T = 10 represents our estimate of

the range of PDF behavior that is consistent with the current data. Details of the error

analysis that leads to this estimate are described in appendix B.4.

3.2.1 Uncertainties of PDF’s

We use the eigenvector PDF sets {S±i } to estimate the uncertainty range of physical quan-
tities (and of the PDF’s themselves) according to the master eq. (2.3) which is derived

in [11]. In figures 10 and 11 we show fractional uncertainty bands for the u-quark, d-quark,

and gluon distributions, respectively, at Q2 = 10GeV2. In these plots, the shaded region is

the envelope of allowed variation of the parton distribution, independently for each value

of x, with tolerance T = 10. The ordinate is the ratio of the extreme value (up or down)

to the standard CTEQ6M value. For comparison, the curves are CTEQ5M1 (dashed) and

MRST2001 (dotted), plotted in ratio to CTEQ6M.

The u distribution is the most accurately known of the parton distributions, since

deep-inelastic scattering by photon exchange, being proportional to the square of the quark

charge in leading order, is most sensitive to the u quark. The d-quark distribution is very

much affected by the various data sets that are sensitive to u-d differences: the NC and

CC DIS measurements with proton and deuteron targets, the DY p/d asymmetry and the

W-lepton asymmetry experiments. The d-quark uncertainty band is seen to be noticeably

wider than that of the u quark, particularly at large x where there are few constraints

on the ratio between the two flavors. This result provides quantitative confirmation of a

10This asymmetry has been encountered in some applications, e.g. ref. [35].
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Figure 11: Uncertainty band for the gluon distribution function at Q2 = 10GeV2. The curves

correspond to CTEQ5M1(solid), CTEQ5HJ (dashed), and MRST2001 (dotted).

previous study [36], addressing the issue of the behavior of the d-quark distribution at large

x raised in [37].

The gluon distribution is the most uncertain of the PDF’s — notwithstanding the

increased constraints from recent precision DIS and inclusive jet data discussed earlier

— as shown in figure 11. The uncertainty is of order ±15% for x values up to ∼ 0.3,

and then it increases rapidly for large x. This uncertainty is of much interest for the

physics programs of the Tevatron and the LHC, and it has been the subject of several

previous studies [38]. With the new quantitative tools at hand, we have found that it is

important to use a sufficiently flexible parametrization of the initial distribution, in order

to obtain a reliable estimate of the range of uncertainty of the gluon distribution. This

point will be relevant when we compare the above result with other recent studies of the

gluon distribution (cf. section 5.2). Some details are given in appendix D.

The uncertainties shown in figures 10 and 11 are significantly smaller than those ob-

tained in our previous study [11] based on CTEQ5 inputs. The reduced uncertainty, which

can be seen by comparing figures 10 and 11 with their counterparts ref. [11, figures 3 and 4],

is a consequence of the new DIS and jet data.11

An important point in the interpretation of figures 10 and 11 is that the uncertainty

ranges correspond to the envelopes of possible parton distributions that are consistent with

the data. A distribution function that produces the extreme at any particular value of x

is generally not extreme at other values of x. Thus, a PDF that follows the upper or lower

boundary of the uncertainty band at all x would definitely not be consistent with the data.

The CTEQ5M1 and MRST2001 distributions, plotted as ratios to CTEQ6M, are also

shown on figures 10 and 11, for comparison. Both these PDF sets are generally within the

current uncertainty bounds. The hard gluon distribution in the CTEQ6M fit, discussed

11One must be aware that the uncertainties shown in [11] are for a higher value of Q = 10GeV. The

uncertainties decrease when evolved to higher Q.
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Figure 12: Comparisonof the CTEQ5M1 predictions to the recent H1 data. Cf. format of ¯gure 3.

earlier, manifestsitself in the fact that both CTEQ5M1 and MRST2001 curvesare closeto
the lower limit of the uncertainty band at large x. For comparison,we have also included
the gluon distribution of CTEQ5HJ in ¯gure 11. It is even harder than that of CTEQ6M at
x > 0:3, but still within the uncertainty band. Comparisonsof CTEQ6M and CTEQ5M1
¯ts are discussedin the next subsection(3.3.1). The MRST2001 distributions are rather
similar to CTEQ5, except at very small x where the gluon is smaller and the quarks
are larger, both slightly outside the uncertainty ranges. Di®erencesbetween CTEQ6 and
MRST2001 ¯ts are discussedin somedetail in section 5.2.

3.3 Issues and commen ts

3.3.1 Ho w much progress has been made?

The fact that the new PDF's, especially the quark distributions, do not appear to dif-
fer much from the CTEQ5 functions testi¯es to the steady convergenceof QCD analysis
of PDF's. Progress in this undertaking must be measured in more precise terms than
previously, becauseof the increasing demands for quantitativ e applications in precision
SM studiesand new physicssearches. To illustrate this point, we ¯rst comparethe predic-
tions of the precedinggenerationof PDF's, CTEQ5M1, with two key new experiments, H1
and DÂ, in ¯gures 12 and 13. Plots like theseare often usedin the literature asevidenceof
good or acceptable¯ts. Careful comparisonwith the corresponding results for CTEQ6M
(¯gures 3 and 7) reveals that the new ¯t is discernably better.

The improvement in the quality of the ¯ts canbequanti¯ed by examining the Â2 values.
With the inclusion of correlated systematic errors thesenumbers now carry more statisti-
cal signi¯cance than before. The accompanying table lists the CTEQ6M and CTEQ5M1
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