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Abstract. A group membership failure(in short, agroup failure) occurs when one of the
group members crashes. Agroup failure detection protocolhas to inform all the non-crashed
members of the group that this group entity has crashed. Ideally, such a protocol should be
live (if a process crashes, then the group failure has to be detected) andsafe(if a group failure
is claimed, then at least one process has crashed).
Unreliable asynchronous distributed systems are characterized by the impossibility for a
process to get an accurate view of the system state. Consequently, the design of a group
failure detection protocol that is both safe and live is a problem that cannot be solved in all
runs of an asynchronous distributed system.
This paper analyses a group failure detection protocol whose design naturally ensures its
liveness. We show that by appropriately tuning some of its duration-related parameters, the
safety property can be guaranteed with a probability as close to one as desired. This analysis
shows that, in real distributed systems, it is possible to achieve failure detection with a
negligible probability of wrong suspicions.

1. Introduction

A group is a set of processes† that cooperate to implement a
given task. This concept is used in several domains such as
distributed systems, parallelism and cooperative support for
cooperative work (CSCW). Let us consider, as an example,
the distributed system context: in that context the group
concept is usually used to make a service fault-tolerant (this
is done by coordinating a group of processes duplicated
on different nodes [12]). In the CSCW context, the group
concept is usually used to define a set of workstations (users)
that, during some time, cooperate to realize a common job.

Here we are interested in groups, and more specifically
in static groups. A group is static if its membership does
not change during its lifetime: there is neither leave nor join
operation with respect to a group. However, a process can
crash. In that case we consider that the group to which it
belongs also crashes, this is agroup membership failure(in
short, agroup failure). A new group has to be defined‡.

The aim of this paper is to present and to analyse a
protocol that detects the failure of a group. This protocol
(which has been designed and implemented in our research
group in the context of a CSCW system [10]) is very simple.

† The termprocessrefers to any abstract entity such as a node, a site, a
physical process, a software component, an object, etc.
‡ The problem of defining a new group is not addressed in this paper.
Usually, the new group includes all the non-crashed processes of the previous
group. Moreover, the composition of the new group is usually called the new
viewof the group [1].

It is based on ‘silence propagation’ and uses two durations
(namely,Te andTr ). The protocol has three rules. The first
rule is: everyTe time units, each process broadcasts an ‘I am
alive’ message to all the other group members. The second
rule is: if a processp has not received an ‘I am alive’ message
from some process forTr time units, then processp becomes
silent, i.e. it ceases to send ‘I am alive’ messages. Note that if
a process crashes it becomes silent; due to the second rule, this
‘silence’ propagates through the whole group, and eventually,
each process becomes silent. Finally, the third rule defining
the protocol is the following: when a non-crashed process
becomes silent, it suspects something went wrong and claims
agroup failure.

Ideally, any group failure detection protocol should
ensure the following two properties. (1) A liveness property:
namely, if a process crashes, then all the non-crashed
processes have to claim a group failure. (2) A safety property:
namely, if a group failure is claimed, then at least one process
of the group has crashed.

It is easy to see that the previous protocol exhibits
different behaviours according to the values ofTe andTr .
When these are set to (arbitrary but) finite values, the protocol
always satisfies the liveness property. WhenTr = +∞,
the protocol satisfies the safety property but cannot satisfy
the liveness one. In the following we assume thatTr has a
finite value, so liveness is ensured. In that case, the fact that
the safety property is satisfied depends on the underlying
system model. Here we consider a variant of thetimed
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asynchronous system model[3]. This variant is characterized
by the following points: (1) processes have access to local
clocks with bounded drifts with respect to real time, and (2)
process speeds and message delays are arbitrary. In such
a context, due to slow messages, to slow processes or to
a bad choice of the values ofTe andTr , it is possible that
processes claim a group failure while actually there is none
(this is called afalsefailure detection). When this occurs, the
safety property associated with the group failure detection
problem is violated by the protocol. More generally, it
appears that, for a given execution, the satisfaction of the
safety property depends not only on the values ofTe andTr
but also depends strongly on the actual pattern of process
speeds and of message transfer delays.

So, given a timed asynchronous distributed system, the
problem is to define a relation onTe andTr such that the
probability [4, 11, 13] of detecting a false group failure is as
close to zero as desired. We address this problem in the
paper. Section 2 introduces the underlying system model
and section 3 presents the protocol. Then, section 4 provides
a probabilistic evaluation of the group failure detection
protocol. This evaluation relies on a probabilistic model
for message transfer delays (the distribution function of
transfer delays is assumed to be known†). Section 5 presents
numerical results. Finally, section 6 concludes the paper.

The main lesson learned from this study is that, in real
systems, a very simple protocol can achieve group failure
detection with a negligible probability of wrong suspicions.
This shows that liveness and safety are not necessarily
antagonistic properties when one has to implement them in a
practical context.

2. System model

2.1. Timed asynchronous systems

The underlying system is composed of a finite set ofn

processes{p1, . . . , pn}. A process may fail by crashing.
When it crashes it definitively stops its activity. Processes
synchronize and cooperate by exchanging messages through
a communication network. Each node has a local memory
and a hardware clock. Such a clock has a bounded drift with
respect to real time. Process clocks are not synchronized.
Process speeds and communication delays are arbitrary (this
includes the case of message loss‡). So, the system is
asynchronous.

Although process speeds and message transfer delays
are arbitrary,most of the timeone can rely on an upper bound
for transfer delays. When these bound values are actually
satisfied, then the system behaves as a synchronous system.
This system model can be seen as a simple variant of the
timed asynchronous systemmodel [3] (which additionally
considers process recoveries and performance failures).

2.2. An impossibility result

Asynchronous systems are characterized by an impossibility
result, usually called the ‘FLP result’ (due to Fischer

† In fact, only the standard deviation has to be known.
‡ A lost message is considered as having an infinite transfer delay.

et al) [5]. This result states that it is not possible to design
a deterministicconsensusprotocol in such a system if even
a single process can crash [5]. The consensus problem is a
fundamental agreement problem to which a lot of practical
problems can be reduced (e.g., Atomic Broadcast [2], Atomic
Multicast [6], View Synchrony [8], Non-Blocking Atomic
Commitment [8, 9]).

Intuitively, this impossibility result comes from the fact
that it is impossible in an asynchronous distributed system to
distinguish a crashed process from a process that is very slow
or from a process with which communications are very slow.
(It is for this reason that in some systems a process suspected
to have crashed can be expelled from a group [1].)

FLP is usually interpreted as ‘given a problemP , there
is no protocol to solve it’, or as ‘it is impossible to design a
protocol that ensures the liveness property associated with
P ’. Actually, FLP can be interpreted in a slightly different
way: ‘it is impossible to design a protocol that ensures both
the liveness property and the safety property associated with
P ’. For a given problemP , this gives rise to the design of
protocols that trade safety against liveness or to protocols that
trade liveness against safety. The former approach has been
explored in [2, 6, 8]. The latter approach is the one adopted
in this paper.

In our context, the FLP impossibility result translates
in the following way: there is no group failure detection
protocol that is both live and safe. As we assumeTr is
finite (i.e., the protocol is live), this means that the protocol
cannot guarantee safety in all circumstances (i.e., in any
pattern of process crashes and message transfer delays). The
next section provides an in-depth mathematical analysis that
allows one to quantify the probability of false failure detection
occurrences. Let us call(H) the assumption that the patterns
of process crashes and message transfer delays always allow
the protocol to satisfy the safety property. This probabilistic
analysis can be seen as an analysis of the coverage of(H) as
defined by [11].

3. The algorithm

The algorithm is detailed by figure 1. We assume a reliable
FIFO channel§. Moreover, we assume that we have access to
the reception date of each message. This is the date on which
the underlying layer effectively received the message, and
not the date on which it has been delivered to our algorithm.
Indeed, one can imagine that the lowest communication layer
does not provide any ordering (or reliability) capabilities (this
is typically the case if one uses UDP or Multicast IP).

A brief description of the different variables used by the
algorithm is given by table 1.

One can see that each process executes awhile loop
until a group failure is detected by at least one process.
Indeed, this can happen when a process has crashed or when a
process (or a message) was too slow. Because we assume an
asynchronous system these situations are not to be excluded,
and moreover, cannot be distinguished. In fact this is not
a real problem, because we do not want slow processes to
remain within the group. They typically miss an important

§ This assumption can be easily implemented by an underlying layer.
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Figure 1. Group failure detector algorithm.

Table 1.

groupFailurei A Boolean set tofalseas long as no group failure is detected
nextBroadcasti Date of the next ‘Alive’ message to be broadcast
timeouti A real vector clock that stores for each process

the date before which next awaited ‘Alive’ message must be received
nextTimeouti Next timeout to expire
ri A logical vector clock that stores for each process

the timestamp of the next ‘Alive’ message to be received
bi A counter that gives the timestamp

of the next ‘Alive’ message to be broadcast

number of deadlines, lose too many messages, and therefore
increase the number of retransmissions. This leads to a poor
overall performance of fault-tolerant algorithms.

Let us remark that because the vector clockt imeouti is
initialized to [+∞, . . . ,+∞], processes that are slow to start
or processes that do not start simultaneously are not an issue.
No group failure will be claimed in this case. On the other
hand, initially dead processes are not detected. Within the
loop, processes are waiting for three kinds of events:

(i) Expiration of the next deadlinenextBroadcasti .
(ii) Expiration of the next deadlinenextTimeouti .

(iii) Reception of an awaited ‘Alive’ message from a process
pj .

In the first case,pi simply broadcasts itsbi th ‘Alive’ message,
addsTe to nextBroadcasti and finally incrementsbi and goes
to sleep. In the second case, a deadline has expired. A group
failure has been detected,groupFailurei is set totrue. By
contamination every process will do the same. In the third
case,pi has received the next awaited ‘Alive’ message from
pj before expiration of the deadline (actually,timeouti [j ] for
this message).pi updatestimeouti [j ] by addingtr to the date
of reception ofm, ri [j ] is incremented, andnextTimeouti is
computed by taking the minimum overtimeouti .

This algorithm is actually implemented in a platform,
called Argo, and developed in our team. It is an object
oriented fault-tolerant platform, written in Java, that provides
total order broadcast within a set of processes. The group of
processes is allowed to grow by the joining of new processes,

and to shrink by the deliberate departure of correct processes,
or exclusion of suspected crashed processes (or supposed
to be crashed). Changes of membership are also ordered
like messages (view synchrony). Ordering is provided by
a timed version of Chandra–Toueg consensus algorithm.
Failure detection is ensured by an improved version of this
algorithm, in the sense that we do not rely on special ‘Alive’
messages, but rather on the control messages that are already
periodically broadcast to ensure consistency of decisions.
Moreover, we relax the assumption on FIFO ordering of
‘Alive’ messages. Indeed, this assumption simply makes
a probabilistic analysis of the algorithm behaviour easier,
but also makes its implementation more complicated. Thus,
whereas in this paper ‘successive’ is related to FIFO ordering,
in the implementation we only require that two successive
(reception order) ‘Alive’ messages are not separated from
more thanTr times units. Because this assumption is weaker
than FIFO ordering, bounds on false failure detection given
in this paper are still valid for our implementation.

4. Probabilistic analysis

4.1. Key parameters

The aim of this analysis is to show that it is possible to
tune the algorithm parameters so as to reduce the probability
of false group failure detections down to ana priori given
rate. This probability depends on the following fundamental
parameters:
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Te = the amount of time between two successive
broadcasts.

Tr = the maximal amount of time between the receptions
of two successive broadcasts.

1 = Tr − Te.
Z = the random variable ‘transfer delay of a message’.
f = the density function associated withZ.
V Z = the standard deviation ofZ.
(λ = V Z

12 ) = the tuning parameter (an upper bound on
the probability of one false failure detection within a group
of two processes).

From the point of view of a process, the time interval
between two successive broadcasts is called around; its
length is equal toTe time units. We perform a probabilistic
analysis of the algorithm behaviour with respect to a fixed
number of rounds. This analysis computes the probability of
false group failure detection.

(i) We first show that1 has to be positive, for the protocol
to exhibit a meaningful behaviour.

(ii) Moreover, we show that the protocol behaviour strongly
depends on the difference of transfer delays between two
successive messages†. In particular, we show that a false
group failure is detected if the transfer delays of two such
messages are separated by more than1 time units. This
condition is referred to as condition (4) in the following.

(iii) Then, we compute the probabilityPcouple for condi-
tion (4) to be violated for a given pair of processes during
a round.

(iv) From Pcouple we deduce the probabilityPgroup for
condition (4) to be violated within the entire group.

(v) Then, we derive a lower bound on the probability of the
following event: ‘there is no false group failure detection
during at leastr rounds’.

(vi) Finally, we give a lower bound on the mean number of
rounds without false group failure detection.

4.2. Analysis

Notations. To analyse the algorithm we introduce the
following auxiliary notations. Dates refer to real time.

Eαi = the date of theαth broadcast by the processpi .
Rαi,j = the date of reception bypj of theαth broadcast

issued bypi .
δαi,j = the transmission delay of theαth broadcast from

pi to pj .

Condition associated with a false group failure detection.
Let us assume that there exists a groupG at real timet0. By
definition ofEαi andTe, one has

∀α > 0 ∀i ∈ G Eα+1
i = Eαi + Te. (1)

Of course, because we are dealing here with asynchronous
systems, it is not possible to enforce a strict respect of
scheduling. That means that it is not always possible to
broadcast a message exactlyTe time units after the previous
one. However, because our approach is probabilistic, it is

† Let us remind ourselves that transfer delays cannot be precisely
determined in asynchronous distributed systems.

possible to take the jitter associated with the OS scheduler
within transmission delays.

Moreover, becauseTr is the maximal amount of time
between the reception of two successive broadcasts, one has

∀α > 0 ∀(i, j) ∈ G2 Rα+1
i,j 6 Rαi,j + Tr . (2)

The algorithm claims agroup failure when the previous
condition is not satisfied. Furthermore, by definition ofδαi,j ,
one has

∀α > 0 ∀(i, j) ∈ G2 Rαi,j = Eαi + δαi,j . (3)

Thus it is possible to redefine condition (2) according to (1)
and (3). So we get

∀α > 0 ∀(i, j) ∈ G2 δα+1
i,j − δαi,j 6 1 . (4)

One can see that ifTr andTe are chosen such that1 6 0, the
algorithm exhibits a meaningless behaviour. (Indeed, in this
case condition (4) is equivalent to stating that the sequence
(δαi,j )α∈N is monotonically decreasing.) In the following we
will consider that1 > 0.

Taking into account message transfer delays. The
previous discussion has not taken into account the
probabilistic model that can be associated with the behaviour
of the underlying system. We now consider the existence of
a distribution functionf associated with the transfer delay
Z of messages. It means that a messagem sent by a process
pi to a processpj is subject to a transfer delay of less thanx
times units with probability

F(x) =
∫ x

0
f (y) dy.

We assume that channels are not lossy. This assumption can
be formally stated as

lim
x→+∞F(x) = 1.

Functionsf and F are meaningless for negative values.
In order to simplify further mathematical developments,
we extend them overR by considering: ∀x < 0,
f (x) = F(x) = 0.

LetX be the random variable measuring the ‘difference
of transfer delays between two message transmissions’. Let
us associate withX the following density functiong:

P [X 6 x] = G(x) =
∫ x

−∞
g(y) dy.

4.2.1. The probability of a false group failure detection for
a two-process group. We want to evaluate the probability
that condition (4) be violated for a pair of processes (i.e.
for a group of two processes). Let it bePcouple. It means
that we are interested in associating an upper bound with
Pcouple = P [X > 1]. This probability is given by formula
(5). To compute it, we use some preliminary lemmas whose
proofs are given in the appendix.

Lemma 4.1 states thatg can be derived fromf as follows.
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Lemma 4.1.

∀y ∈ R g(y) =
∫ +∞

−∞
f (z)f (z− y) dz.

Becauseg is an even function, the following lemma holds.

Lemma 4.2.

∀y ∈ R g(y) = g(−y).
The following lemma is a direct consequence of the previous
one.

Lemma 4.3.

∀y ∈ R+ P [0 6 X 6 y] = P [−y 6 X 6 0].

Corollary 4.1.

P [X 6 0] = G(0) = 1
2 .

The following lemma is a consequence of lemma 4.1.

Lemma 4.4.

EX = 0 and V X = 2V Z.

One can apply the Chebyshev inequality to the random
variableX:

∀c > 0 P
[
|X −EX| > c

√
V X

]
6 1

c2
.

Let us choosec = 1√
2V Z

. Whenc > 1, due to lemma 4.4, it is
possible to simplify the previous expression which becomes

P [|X| > 1] 6 1

c2
.

Moreover,

P [X > 1] = 1− P [X 6 1]

= 1− P [X 6 −1] − P [|X| 6 1]

= 1− P [X 6 0]︸ ︷︷ ︸
1
2

−P [0 6 X 6 1]

= 1
2 − 1

2P [|X| 6 1]

= 1
2 − 1

2(1− P [|X| > 1])

= 1
2P [|X| > 1].

Thus, an upper bound forPcouple is 1
2c2 = λ:

Pcouple 6 λ . (5)

The probability of a false group failure detection for an
n-process group. We have an upper bound forPcouple, the
probability of breaking condition (4) during a round for a
given couple of processes. We consider that two violations
of condition (4) by two different pairs of processes are
independent events†. Consequently, it is possible to find an
expression (that is function ofPcouple) giving the probability
Pgroup that condition (4) be violated within the entire group
during a single round. Indeed,Pgroup is a disjunction of
independent cases.

† When false failure detections are considered.

• Either a single (directed) pair among‡ then2−n possible
pairs of processes violates condition (4) while this
condition is not violated by then2 − n− 1 others.
• Either two among then2− n possible pairs of processes

violate condition (4) while this condition is not violated
by then2 − n− 2 others.
• And so on . . . .

Consequently,

Pgroup =
∑

16i6n2−n
Cn

2−n
i P icouple(1− Pcouple)n

2−n−i

=
∑

06i6n2−n
Cn

2−n
i P icouple(1− Pcouple)n

2−n−i

−(1− Pcouple)n2−n

= 1− (1− Pcouple)n2−n.
We want to show that

Pgroup 6 (n2 − n)λ .

Let n be a positive integer andl(x) = (1− x)n − (1− nx)
the continuously differentiable function defined over [0, 1].
One hasl′(x) = −n(1− x)n−1 + n. Thus

l′(x) > 0

−(1− x)n−1 + 1> 0

(1− x)n−1 6 1.

So, l is monotonically increasing over [0, 1] and, because
l(0) = 0, l is positive forx 6 1. That is whyPgroup =
1− (1− Pcouple)n2−n 6 (n2 − n)Pcouple 6 (n2 − n)λ.

Let us denote byPi the probability that condition (4) is
violated within the group after exactlyi rounds:

Pi = (1− Pgroup)iPgroup. (6)

We can now compute the probabilityP ∗r that that condition (4)
is not violated during at leastr rounds within ann-process
group:

P ∗r =
∑
i>r

Pi

= Pgroup
∑
i>r
(1− Pcouple)i(n2−n)

= Pgroup
(∑
i>0

(1− Pcouple)i(n2−n)

−
i=r−1∑
i=0

(1− Pcouple)i(n2−n)
)

= Pgroup
(

1

1− (1− Pcouple)n2−n

−1− (1− Pcouple)r(n2−n)

1− (1− Pcouple)n2−n

)
= (1− Pcouple)r(n2−n).

Finally, by (5), one concludes that

P ∗r > (1− λ)r(n
2−n) . (7)

‡ The pair(i, i) does not have to be considered.
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Mean time without false failure detection. It is now
quite easy to compute the mean timeT without false failure
detection exhibited by the algorithm. Indeed

T = Te
∑
i>0

(i + 1)Pi

= TePgroup
∑
i>0

(i + 1)(1− Pgroup)i .

Let us introduce the generating series [7],H(z) defined by

H(z) =
∑
i>0

(1− Pgroup)izi

= 1

1− (1− Pgroup)z . (8)

Let us considerH ′(z):

H ′(z) =
∑
i>1

i(1− Pgroup)izi−1

=
∑
i>0

(i + 1)(1− Pgroup)i+1zi .

Thus,T = Te Pgroup
1−Pgroup H

′(1). Furthermore, as a consequence
of (8) one knows that

H ′(z) = 1− Pgroup
(1− (1− Pgroup)z)2

.

Finally,

T = Te Pgroup

1− Pgroup
1− Pgroup

(1− (1− Pgroup))2

= Te

Pgroup
.

It is possible to find a lower bound forT :

T > Te
(n2−n)λ .

5. Numerical results

Let us assume thatV Z is in the order of 100µs2, and
1 = 10 s withTe = 60 s. One obtainsλ = 10−6, and we get
a mean number of rounds without false failure detection (i.e.
T /Te) greater than106

n2−n . This is illustrated by figure 2 (with
logarithmic scales on both axes), for values ofλ ranging from
10−7 to 10−4. Downwards, the number of processes within
the system is: 2, 7, 12, 17, 22, 27. One can see that even
with many processes in the system, claimed performances
are always quite good. To increase the mean time before a
false failure group detection, one can increase the value ofTe.
This way, one can trade safety against the quality of service
associated with the liveness property

To illustrate figure 2, let us consider the case where there
are 27 processes in the system (the curve at the bottom of the
figure) and the particular valueλ = 10−6 (the vertical line
denoted ‘−6’). We see thatT is greater than 1600Te. Since
Te = 60 s, this means that one can expect, on average, that

Figure 2. Mean number of rounds for values ofλ between 10−7

and 10−4.

Figure 3. Reaching ana priori bound onP ∗r by choosing an
appropriateλ.

T > 96 000 s (i.e. a little bit less than one day) without a
false failure detection

Condition (7) shows that by that by choosing an
appropriate value forλ, it is possible to obtain ana priori
given bound forP ∗r . Taking λ = ε/(r(n2 − n)), we get
lim r−>∞ P ∗r > 1 − ε. This is depicted by figure 3 (with
logarithmic scales on both axes) which gives for different
numbers (downwards, from 2 to 5) of processes in the system,
the lower bound onP ∗r according to the value ofr (the
number of rounds). The figure corresponds to the the case
whereε is 0.1. One can see that all the curves tend towards
e−0.1 ≈ 1− ε = 0.9.

6. Conclusion

This paper has considered thegroup failure detectionproblem
(a group fails as soon as one of its members crashes). Because
ensuring both the liveness and the safety of such a detection
is impossible in asynchronous distributed systems, we have
considered a protocol that trades liveness against safety. A
probabilistic analysis of this protocol has been done. This
analysis uses the distribution function of message transfer
delays. It has been shown which parameters are critical and
to which values they have to be set in order that the probability
of false group failure detection be as close to zero as desired (a
falsegroup failure detection occurs when the protocol claims
a group failure while actually no process has crashed).

The proposed protocol can be used as a basic element
to build amembership servicein an asynchronous system.
The probabilistic analysis shows that, although impossibility
results place fundamental limits on what can be achieved
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in asynchronous distributed systems, those results can be
practically circumvented when one knows the value of critical
parameters (such as the distribution function associated with
message transfer delays). More precisely, the probabilistic
analysis has shown that, in real distributed systems, it
is possible to achieve failure detection with a negligible
probability of wrong suspicions. This is an encouraging
result favouring the use of simple failure detection protocols.
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Appendix. Proofs

Proof of lemma 4.2.By definition

g(−y) =
∫ +∞

−∞
f (z)f (z + y) dz

and by change of variablez = Z − y:

g(−y) =
∫ +∞

−∞
f (Z − y)f (Z) dZ

= g(y).

ut

Proof of lemma 4.3.For z > 0:

P [0 6 X 6 z] =
∫ z

−∞
g(y) dy −

∫ 0

−∞
g(y) dy,

and by change of variabley = −u in both integrals and by
using lemma 4.1, one gets

P [0 6 X 6 z] =
∫ +∞

−z
g(u) du−

∫ +∞

0
g(u) du

=
∫ 0

−z
g(y) dy

=
∫ −z
−∞

g(y) dy −
∫ 0

−∞
g(y) dy

= P [−z 6 X 6 0].

ut

Proof of corollary 4.1. If one applies lemma 4.3 with
y → +∞, one obtains

P [−∞ 6 X 6 +∞] = 1

= P [X 6 0] + P [0 6 X]

= 2P [X 6 0].

ut

Proof of lemma 4.4.By definition

EX =
∫ +∞

−∞
yg(y) dy

=
∫ 0

−∞
yg(y) dy︸ ︷︷ ︸
(1)

+
∫ +∞

0
yg(y) dy,

and by change of variableu = −y in integral (1), one gets

EX = −
∫ ∞

0
yg(y) dy +

∫ +∞

0
yg(y) dy

= 0.

Furthermore, by definition

V X = EX2 − (EX)2

=
∫ ∞
−∞

y2g(y) dy

=
∫ ∞
−∞

y2
∫ +∞

−∞
f (z)f (z− y) dz dy

=
∫ ∞
−∞

∫ +∞

−∞
y2f (z)f (z− y) dz dy

=
∫ ∞
−∞

∫ +∞

−∞
y2f (z)f (z− y) dy dz

=
∫ ∞
−∞

f (z)

∫ +∞

−∞
y2f (z− y) dy dz,

and by change of variableu = z− y

V X =
∫ ∞
−∞

f (z)

∫ +∞

−∞
(z− u)2f (u) du dz

=
∫ ∞
−∞

f (z)

∫ +∞

−∞
(z2 + u2 − 2zu)f (u) du dz

=
∫ ∞
−∞

f (z)

(
z2
∫ +∞

−∞
f (u) du︸ ︷︷ ︸
=1

+
∫ +∞

−∞
u2f (u) du︸ ︷︷ ︸
=EZ2

−2z
∫ +∞

−∞
uf (u) du︸ ︷︷ ︸
=EZ

)
dz

=
∫ ∞
−∞

z2f (z) dz︸ ︷︷ ︸
EZ2

+EZ2
∫ +∞

−∞
f (z) dz︸ ︷︷ ︸
=1

−2EZ
∫ +∞

−∞
zf (z) dz︸ ︷︷ ︸
EZ

= 2EZ2 − 2(EZ)2

= 2V Z.

ut
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