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Abstract

We present a new general construction of a recursion operator from the zero-
curvature representation. Using it, we find a recursion operator for the
stationary Nizhnik—Veselov—Novikov equation and present a few low-order
symmetries generated with the help of this operator.

PACS numbers: 02.30.1k, 02.30.Jr, 02.40.Hw, 02.40.Ky, 02.70.Wz
Mathematics Subject Classification: 37K10, 35A30, 35Q58

In this letter, we suggest a new method for the construction of a recursion operator using the
zero-curvature representation. Unlike the majority of the hitherto known methods (see e.g.
[1-4] and references therein), ours gives not only the recursion operator, but also its inverse,
leading to the ‘negative’ part of the hierarchy of the system in question. What is more, it
is immediately applicable to both evolutionary and non-evolutionary systems. We apply the
method to the stationary Nizhnik—Veselov—Novikov (NVN) equation for which no recursion
operator has been found so far.

Let F = 0 be a system of PDEs in two independent variables x, y for the unknown
n-component vector function u = ', ..., u™T, where the superscript ‘T’ denotes matrix
transposition. Let this system have a zero-curvature representation D,(A) — D.(B) +
[A, B] = 0, where A and B take values in a (matrix) Lie algebra g and depend on A, x, y,
and w and its derivatives. Here D,, D, are the operators of total x- and y-derivatives (see e.g.
ch 2 of [5], and [6]). Note that A and B may involve an essential (spectral) parameter A.

Consider a function P (possibly vector- or matrix-valued) of x, y, w and its derivatives.
Then the directional derivative of P along an n-component vector U = (U L., UM is given
by P'[U] = > _, Z:’j’:o (3P/8uf§)D§D§(U°‘), where ug, = u®, uj; = Ot u® /3xiay/
(cfe.g. [7]). In [6], P'[U] is called a linearization and denoted by £pU.

Let U be a symmetry of the system F' = 0, that is, let U satisfy F’[U] = 0 on the solution
manifold of F = 0[5, 6]. Consider a g-valued solution § of the system

D.(S) —[A,S]=A = A[U] Dy(S) — [B,S] = B = B'[U]. (1)

0305-4470/03/050087+06$30.00 ~ © 2003 IOP Publishing Ltd Printed in the UK L87


http://stacks.iop.org/ja/36/L87

L88 Letter to the Editor

Assume that we have found n linear combinations U¢ = i a®'s; ; of entries §;; of S,
o = 1,...,n, with the property that U = (U!, ..., U")7 is another symmetry of F = 0.
Then the linear operator 2Rq defined by U = Ro(U) is a recursion operator for the system
F = 0 in Guthrie’s [8] sense. The coefficients a®/ may depend on A, x, y and w and its
derivatives.

However, testing the above scheme on a number of known examples such as the KdV or
the Harry Dym equation shows that Ry generates the nonlocal symmetries that belong to the
‘negative’ part of the hierarchy of /' = 0. Then we should, if possible, invert R in order to
obtain a ‘conventional’ recursion operator R which will generate the ‘positive’ local part of
the hierarchy in question. The inversion is an algorithmic process described in [8]. Note [9]
that if the coefficients of the recursion operator are local, then so are the coefficients of its
inverse.

Let us now apply this procedure to the stationary NVN equation

Uyyy = Uxxx — 3(0u), + 3(wu), Wy = Uy Vy = Uy 2)
recently studied by Ferapontov [10] (see also Rogers and Schief [11]) in connection with
isothermally asymptotic surfaces in projective differential geometry.

The stationary NVN equation is a reduction of the NVN equation [12, 13]

Up = Uxxx — Uyyy — 3(vu), + 3(wu), Wy = Uy Uy = Uy 3)
obtained upon assuming that u, v, w are independent of 7. The latter is well known to be
integrable via the inverse scattering transform, as it has the Lax pair

1/fxy =uy Y = Yxx — I/Iyyy —3vy + 3“”/6" )
The NVN equation (3) is the first member of the hierarchy describing the deformations
preserving the zero-energy level of the two-dimensional Schrodinger operator [13]. It also
naturally arises in the theory of surfaces (see [11] and references therein) and its modified
version appears in string theory [14, 15].

Upon setting [11] ¥ = v/ exp(At), where A is a constant, the Lax pair (4) can be
transformed into a zero-curvature representation for (2) of the form D,(A) — D.(B) +
[A, B] = 0. This representation involves an essential parameter A, and the matrices A
and B belong to the semisimple Lie algebra sls of traceless 6 x 6 matrices. They read

0 1 0 0 0 O 0 0 1 0 0 0
0 O O o0 1 O u 0 O 0 0 0
u o O 0 0 O 0 0 O 0 0 1
A = B =
A41 A Uy 0 0 —u B41 Uy 0 0 —u 0 (5)
0O 3w 0 -1 0 O u, u 0 0 0 0
uy 0 wu 0 0 O A 0 3w -1 0 0
where Ay = —uyy +3wu, By = —uy, + 3vu.
LetU = (U, V, W) bea symmetry of (2), i.e.let U, V, W satisfy
DU = DU +3[wD,U +u(DyW — D,V) —u,V +u,W + (wy — v)U —vD, U] ©)

DW= D,U D,V =D,U.
Consider a traceless 6 x 6 matrix S that solves (1), where A, B are given by (5), and

0 0 0 0 0 O 0 0 0o 0 0 O

0 0 0 0 0 O U 0 0 0 0 O

o 0 0 0 0 O B ~O 0 0o 0 0 O
Ay 0O bpU 0 0 U By DU 0 0 -U O

0 3V 0 0 0 O DU U 0 0 0 O

D,U 0 u 0 0 O 0 0 3w 0 0 0
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are the directional derivatives of the matrices A and B (5) along the vector (U, V, W)T,
Ay =-D}(U)+3wU +3uW, By = =D} (U) + 30U +3uV.

The next step is to find linear combinations U, V, W of entries of S that solve (6). A

stralghtforward but tiresome computation shows that for A and B (5) these are U = —Ss35+ S,
= Ss4+ 810, W = =813 — Seu, €. if U = (U, V,W)Tisa symmetry of (2), then so is U=
(U V, W)T. Hence, the linear operator SRy mapping U to U is a recursion operator for (2).

However, the application of 93 to the simplest symmetries of (2), e.g., to the zero
symmetry, yields nonlocal symmetrles of (2), so we should invert Ry in order to obtain a
recursion operator R = SRO generating hierarchies of local symmetries for (2).

It turns out that our Ry is invertible only for A # 0. Inverting Ry involves solving a system
of algebraic and differential equations for the components of SR, which is a fairly tiresome but
algorithmic process. For the sake of simplicity, we set all the integration constants to zero.
Then R = AR — %Azid, where id is the identity operator, is independent of A and provides a
conventional recursion operator for (2). ~

The action of R on a symmetry U = (U, V, W)T of (2) is given by R(U) = £(U) +MZ.
Here Z = (Z\, Z2, Z3, Za, Z5)T is a general solution of the system

D.Zi=U D,Zi =W D.Zy=V D,Z,=U
D.Z3=D 2 U-3Wu+Uw) DyZ3 = D>U —3(Vu + Uv)
D.Z, = vD2U+ Jux Dy U+( JUxy U +vw) U+( FUyy + 3 vm +2uw—v2) \%
+uvW +uu,Zy + (Wi, +uuy, — vvy)Zy
DyZy = ——vD2U+ ;DU + (- u”+2uw)U+qu+uu Z1+u*W o
+(—vux +wuy +uwy)Zs
D,Zs = —3wD3U + 3w, DyU + (—Juyy +2uv) U +u?V +uwW
+Wuy —wuy +uvy)Zy +uuyZy
D,Zs = ——wDZU +1u,DU + (——ux) +u?+vw) U +uwV
+ (—%um + gw” +2uv —w ) W+ (uuy +vuy —wwy)Zy +uuyZs.
Note that this system is compatible if and only if U solves (6).
The operators £ and 91 are of the form
L L L3 My Mz Mz Mg NMys
£=1La £n £ M= | My Myn DMy Ny Nos
L31 L L3 Mz Mz Mz DMag Das
£11 = D8 — 6vD} — ZuD2D? — 150, D} — 2uy DDy — Fu, Dy D + (—3uyy — 180y,

+ %uw +9v ) D2 +9u%D, D, + ( TUox + 3 uv) D2 ( 3uxyy — 120,y
+ %wux +26uu, + 27vvx) D, + (26uux + §vuy) Dy — 3utyxyy = 3Vxpxx

+ 14wty + 20Uty + Svityy + vy + 2

L = —29—814D4 — muXD2 ( %u” + —uv) D2 ( %u”x + 4 vux + 18uvx) D,

Uylly + 9v2 — 4u? — 28uvw

— Ol rxy + 190U, + 4unyy + 10uv,, + D

FUsVx + 5 u — 1252w — duv?

—_ 1, ps 2 3, (1 5 24 (1 _ _
L3 = 9uDy+9uyDy+( 3uyy+3uw)D (guxxx VUL,

29 2 2 2 2
Suy — SUywy — 12u“v — 4duw

4
FWUy — UVy + uwy) D,

+ 13uu,, + wuyy +uw,y, +
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_ 28142 _ 28 4
= 5D D; — FwD;
+( 148

$vD2D? — 2u, D} — B¢
28,2, 32 2

9uxy+—u+ vw)D (

28

—6uDD, —
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— Z*u, DD, —
154
— 3Vt

v D D?
—Tu”+4—6uv) D.D, +( o Uyy
léuw + 3 v )DZ, + ( 14U ry + 8 uux + —vu + =2 wvx) D,
+ (—%u”x + ?vux + %uvx) 6uxxxy + 2001, + %Ovuxy + ?wuyy
+ %wv” + ‘f—7u2 + 19u v, — 12u?v — 16uw? — 4v%w
£y =—3D¢+3uD}+ vXD3 + (= Buyy + Jve + Fuw — 30%) D2 + (= Luyy,
+ 190UXM +2 wux + 576uuy — 7vvx) D, — 49—0
+%uuxy+13—6 Boyvee + Dusu,y
L3 = —MXD3 ( Uyy —

vuyy -

40

Uxxyy + gUsxxx T 3 Wl
— 202 — 4u?® — 16uvw +4v

2 5 19

)D ( guxyy+—wux+2uu )Dy

— Wity + %uuw + Zuv, + 2

_ 285 _ 4

£3] 27DXDy 6uD

9 uXXXX + vu}(}(
FUxVx + uxwy — 120w — duv?
2uDID, — swDID} — B2u, D} + (—Fv, — w,) DID,
FuyD, D} + (—%umC + ?uv +3w?) D2+ (—Fuyy — By + Fuw
+20?) DDy + (-3 ( 142

%
glxy + u + = vw) D2 S Uiax + 50 “6
+ ?uvx+uwy)D +(

2
“xw

2

+ 2vwy) D,

9

vite + Bwu,
— Ol yxxx + 2

37 28
Virx + 2 wux + S uuy + oy
52

82
S UVx + 5 U Uy
—4vw

vum + 1 wux) + 2 uu” +
+ru w, + Tu? v 120w — 16uv?
L3 = —29—914 D3+ (—914” 25 2) D2 ( 100,y + %uux + 11vu ) D 5 Uxxxy

+ 22U+ 4fvux) + Jwiyy + 2u + Zuyv, + Fuyw, —
£33
+ 3 Wyyyy + Twu” +

12u2v — duw?
— 4y3

7ww),) D
23—6uuw +4vu,,

57 DS + 2wD} +wy D + (Fwyy — 3w?) D2 + (Pwyyy —
5
— 16uvw + 4w

My

%uxxyy
FWWyy + %uxuy — 2w§
= —Uyrryy + 2Wikyxx + F ULy + 30Uy, + %uw”) + S uyyx +Quyityy + 301y,
T Wyllyy — %”ywyy
My = —

4ucu, — 6vwu, — 8uvuy, — 6uwv, — duww,
Uyyxxx + IVUycy + FUULyy + ?uvmx + 100V Uy + sU Uy, + $UxVxy — Suwu,
— 6v2u, — 4u2uy — 10uvv,
—%u”X + 2vuy + 2uvy My = —2ux M5 = —2u,
Moy —Uxxxxy T Sl + 3quxv + 2wuxvv + 32

uxu” + 6V Uy —
ALY

wyuxy +uyuw
+3uy vy, + guxwyy Quvu, — 6w, — Quwu, — Su-v, +u-w,
_%uxxxn + g Uxxxxx + ?wuxxx + SMMXX) + 13_0quyy gvvxxx + 2
+ ?Uxuyy — %vaxx —
My = —%ux” + 2wy, + 2uu,

u yUye + 1000y,
10vwu, — 4u’u, — 10uvu, + 4020, — Suwv,
M.

My = =20, Mos = —2u,
o Urxxxx + gWyyyyy + 5 Vllyay + %uux” + F Uy — FWWyyy + 100 + %uxuyy
+ 100, Vyx %wyw”—lOv uy—10uwu,—4uuy, — 10uvv, +4ww, + 2uvw,
M3r = —Uyxxxy + SUUyxx + SVlyyy + 10U U + Sty + %uyu” + 3 Uy Uy
— 15uvu, — 6v2uy —3uwu, — Su”v, + u w,
N33 —%u”y+2uux+2vuv My = —2u,

Mszs = —2w,



Letter to the Editor LI1

Note that the above formula R(U) = £(U) +9MZ defines a recursion operator in the sense
of Guthrie [8], and the system (7) defines a covering [6] over (6). Formally, we could express
Z; from (7) as Z; = D¢ ‘v, z, = D; 1y, etc, and thus write R as an integro-differential
operator as has become a tradition in the literature (see e.g. [3, 5, 7]). However, if we drop
the y-part of (7), we encounter certain difficulties in constructing new symmetries (cf e.g.
[8, 16, 17]).

As integrating (7) involves arbitrary constants, we have SR(0) = ¢1S1+ 252+ - - +¢5S5s,

where ¢; are constants, and Sy, ..., S5 are symmetries of (2) of the following form:
My + luzz)m + (uv — %w )93?15
Si = My + 11Dy + (wv — Jw?) Mos
My + 3> Mg + (uv — Jw?) Mas
M + (uw %vz) Mg + E” M5
Sy, =| My + (uw — %vz) Mos + luzimx

m32+( uw — —U )93734+ u 93235
—Uyyy + 3(VUy + Uuvy)
Sz = | —ttyyy + 3 (Wi, +uuy)

—Uyxy +3(VUy +uny)

Uy Uy
Sy =u, = | vy Ss=u, = | v,
Wy Wy

The repeated application of R to Sy, ..., Ss produces five hierarchies of symmetries of

the stationary NVN equation (2), which can be visualized as follows (numbers in the top line
denote the orders of symmetries):

1 3 5 7 9 11 13
—> S5 RS NS5 —
S, NS, RSy —
0 S3 RS
S, RS,
S RS

‘We conjecture that all these symmetries are local and commute, as is the case for the symmetries
oforders 1,3,5,...,11

Note that (2) has a scaling symmetry S = xu, + yu, + 2u. The application of i to §
yields a nonlocal symmetry of seventh order, which we conjecture to be a master symmetry
for (2), cf [18], meaning that commuting $R(S) with any symmetry belonging to one of the
five hierarchies, described above, yields (up to a constant multiplier) the next member of the
same hierarchy. The repeated application of R to .S yields an infinite hierarchy of nonlocal
symmetries for (2).

We believe that R is hereditary in the sense of [19], but we have not yet checked this
because of the huge amount of computations involved.

As a final remark, let us mention the nonstandard structure of nonlocal terms of R in (7):
they involve the derivatives of components of the symmetry, which is quite unusual (cf e.g.
[20] for another example of this kind and [21] for a comprehensive list of integrable systems
in (1 + 1) dimensions and their recursion operators known today).
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