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Abstract

We develop a linearized imaging theory that combines the spatial, temporal
and spectral aspects of scattered waves. We consider the case of fixed sensors
and a general distribution of objects, each undergoing linear motion; thus the
theory deals with imaging distributions in phase space. We derive a model for
the data that is appropriate for any waveform, and show how it specializes
to familiar results in the cases when: (a) the targets are moving slowly,
(b) the targets are far from the antennas and (c) narrowband waveforms are
used. From these models, we develop a phase-space imaging formula that
can be interpreted in terms of filtered backprojection or matched filtering. For
this imaging approach, we derive the corresponding point-spread function. We
show that special cases of the theory reduce to: (a) range-Doppler imaging,
(b) inverse synthetic aperture radar (ISAR), (c) synthetic aperture radar (SAR),
(d) Doppler SAR, (e) diffraction tomography and (f) tomography of moving
targets. We also show that the theory gives a new SAR imaging algorithm for
waveforms with arbitrary ridge-like ambiguity functions.

1. Introduction

Many imaging techniques are based on measurements of scattered waves and, typically, overall
image resolution is proportional to the ratio of system aperture to signal wavelength. When
the physical (real) aperture is small in comparison with wavelength, an extended ‘effective
aperture’ can sometimes be formed analytically: examples include ultrasound, radar, sonar
and seismic prospecting. For the most part, these synthetic-aperture methods rely on time-
delay measurements of impulsive echo wavefronts and assume that the region to be imaged is
stationary.

For an imaging region containing moving objects, on the other hand, it is well known
that measurements of the Doppler shift can be used to obtain information about velocities.
This principle is the foundation of Doppler ultrasound, police radar systems and some moving
target indicator (MTI) radar systems. The classical ‘radar ambiguity’ theory [5, 11, 22]
for monostatic (backscattering) radar shows that the accuracy to which one can measure the
Doppler shift and time delay depends on the transmitted waveform. There is similar theory for
the case when a single transmitter and receiver are at different locations [19-21]. Ambiguity
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Figure 1. A diagram of various theories that combine spatial, spectral and temporal aspects of
scattered waves.

theory appears as the bottom plane in figure 1. Some recent work [3] develops a way to
combine range and Doppler information measured at multiple receivers in order to maximize
the probability of detection.

In recent years, a number of attempts to develop imaging techniques that can handle
moving objects have been proposed. Space-time adaptive processing (STAP) [10] uses a
moving multiple-element array together with a real-aperture imaging technique to produce
ground moving target indicator (GMTI) image information. Velocity synthetic aperture radar
(VSAR) [8] also uses a moving multiple-element array to form a SAR image from each
element; then from a comparison of image phases, the system deduces target motion. The
paper [15] uses a separate transmitter and receiver together with sequential pulses to estimate
target motion from multiple looks. Another technique [16] uses backscattering data from
a single sensor to identify rigid-body target motion, which is then used to form a three-
dimensional image. Other work [12] extracts target velocity information by exploiting the
smearing that appears in SAR images when the along-track target velocity is incorrectly
identified. All of these techniques make use of the so-called start—stop approximation, in
which a target in motion is assumed to be momentarily stationary while it is being interrogated
by a radar pulse. In other words, Doppler measurements are not actually made by these
systems. Thus these methods appear on the back plane of figure 1.

Imaging techniques that rely on Doppler data are generally real-aperture systems, and
provide spatial information with very low resolution. A synthetic-aperture approach to imaging
from a moving sensor and a fixed target was developed in [2]. This Doppler imaging method
appears on the left plane of figure 1. An approach that explicitly considers the Doppler shift
is Tomography of Moving Targets (TMT) [9], which uses multiple transmitters and receivers
(together with matched-filter processing) to both form an image and find the velocity.

Below we develop a theory that shows how to unify these different approaches. In the
process, we will demonstrate how we can fuze the spatial, temporal and spectral aspects of
scattered-field-based imaging. The present discussion deals with the case of fixed distributed
sensors, although our results include monostatic configurations (in which a single transmitter
and receiver are co-located) as a special case. Methods for imaging stationary scenes in the
case when the transmitter and receiver are not co-located have been particularly well developed
in the geophysics literature [1] and have also been explored in the radar literature [19-21].

In section 2, we develop a physics-based mathematical model that incorporates not
only the waveform and wave propagation effects due to moving scatterers, but also the
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effects of spatial diversity of transmitters and receivers. In section 3, we show how a
matched-filtering technique produces images that depend on target velocity, and we relate
the resulting point-spread function to the classical wideband and narrowband radar ambiguity
functions. We also work out the special cases of far-field imaging and narrowband imaging
of slowly-moving targets. Finally, in section 4, we show that for special cases, the theory
developed in section 3 reduces to familiar results. We also show that the theory provides a
new imaging algorithm for certain waveforms.

2. Model for data

We model wave propagation and scattering by the scalar wave equation for the wavefield
¥ (t, ) due to a source waveform §(¢, x),

[V> =2t )|y (t, @) = 5(t, @). (1)
For example, a single isotropic source located at y transmitting the waveform s(¢) starting
at time t = —T,, could be modeled as §(¢, z) = §(x — y)sy,(t + Ty), where the subscript y

reminds us that different transmitters could transmit different waveforms. For simplicity, in
this paper we consider only localized isotropic sources; the work can easily be extended to
more realistic antenna models [13].
A single scatterer moving at velocity v corresponds to an index-of-refraction distribution
n?(x — vt):
2t ) = ¢y [l +n*(x — v1)], 2)
where ¢y denotes the speed in the stationary background medium (here assumed constant).
For radar, ¢ is the speed of light in vacuum. We write g, (x — vt) = ¢ 2nz(alr: —wt). To
model multiple moving scatterers, we let g, (x — vt) d*x d*v be the corresponding quantity
for the scatterers in the volume d>x d3v centered at (x, v). Thus q» 1s the distribution, at time

t = 0, of scatterers moving with velocity v. Consequently, the scatterers in the spatial volume
d®x (at x) give rise to

At x) =)t + / Go(x — vt) dv. (3)

We note that the physical interpretation of g, involves a choice of a time origin. A choice
that is particularly appropriate, in view of our assumption about linear target velocities, is
a time during which the wave is interacting with targets of interest. This implies that the
activation of the antenna at y takes place at a negative time which we denote by —T7,; we write
§(t, ) = sy(t + T,)é(x — y). The wave equation corresponding to (3) is then

[vz S fqv(m — vr) d%ﬂ U(t, ) = 5, (t + T8 (x — y). (4)

2.1. The transmitted field

We consider the transmitted field ¥ in the absence of any scatterers; ™" satisfies the version
of equation (1) in which c is simply the constant background speed cp, namely

[VZ = g0 ]y (t, . y) = sy(t + T)S(z — y). (5)
Henceforth we drop the subscript on c. We use the Green’s function g, which satisfies

[V? = %02 ]g(t, ®) = —8(1)8 ()
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and is given by
8(t —|=|/c) 1 / —io(—lzl/c)
— 1w x|/c d , 6
47 |z 872z | © @ ©

where we have used 276(¢) = f exp(—iwt) dw. We use (6) to solve (5), obtaining
Yt @, y) = — / gt —1t', |z —yDsy(t' + Ty)d(x — y)dt' dy

__sy(t+Ty—|:E—y|/c) 7
B 4|z — y| '

g, |x|) =

2.2. The scattered field
We write ¥ = ¥™ + ¥*¢, which converts (1) into
[V2 =20 v = /qv(a: — vt) dvd?y. (8)

The map g > V* can be linearized by replacing the full field v on the right-hand side of (8)
by ™. This substitution results in the Born approximation v*¢ for the scattered field ¥* at
the location z,

U, z) = —/g(t —1, |z — x|)fqv(m —ot') Pvd2y™ (', z) dt’ dx
_ /‘ 8¢t —t —|z—=x|/c)

4|z — x|

sy(t'+ Ty — |z —yl/c)
4|z — y|

d*xdr.
9)

In equation (9), we make the change of variables  — x’ = x — vt’ (i.e., change to the frame
of reference in which the scatterer g, is fixed) to obtain

L ) = /‘ 8@ —t —|x' +vt' — z|/c)

4 |x’ + vt’ — z|
« /q,,(w’)iy(ﬂ Iy — 1@+l =Yl g, (10)
4 |x’ + vt’ — y|
The physical interpretation of (10) is as follows: the wave that emanates from y at time —T7,
encounters a target at time ¢'. This target, during the time interval [0, '], has moved from x
to x + vt’. The wave scatters with strength ¢, (x), and then propagates from position  + vt’
to z, arriving at time z.
Henceforth we will drop the primes on . We introduce the notation
Ro.()=x+vi—2z R = |R), and R=R/R. (1n
To evaluate the ¢’ integral of (10), we denote by t' = 7, ,(¢) the implicit solution of
t—t' — Ry () /c=0,ie,
0=1t- ;w,v(t) - Rw,z(;z,v(t))/a (12)
The time 7., ,,(¢) is the time when the wave reaching the receiver at z at time 7 interacted with
the target that, at time r = 0, was located at . This target, at time 7, ,,(¢), is actually located
at T + vl 4, (t). With this notation, equation (10) becomes

WSC(I Z) — S:y[;z,v(t) + Ty - R:z:,y(;z,v(t))/c]
(47)? Ry 2 (T (1)) Ry (2,0 (1))
— / :S:y(t + Ty - Rm,z(;w,v(t))/c - Rz,y(;w,v(t))/c)
(47)? Ry, 2 (T v (1)) Ry (T, (1))
where, in the second line, we have used (12) to write the argument of § in a more symmetrical
form.

qo(x — vt') &*vd?

go () &x d*v

go(x) d>x dv, (13)
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Expression (13) is appropriate under very general circumstances. In particular, this
formula applies to wide-beam imaging where the commonly-used far-field approximations
do not apply. Equation (13) also applies to rapidly moving targets, where the start—stop
approximation is not valid, and to very distant targets. Finally, this result can be used for
arbitrary transmitted waveforms.

2.2.1. The slow-mover case. Here we assume that |v|¢ and k|v|?*#? are much less than | — z|
and |x — y|, where k = wmax/c, With wnax being the (effective) maximum angular frequency
of the signal s,,. In this case, we have

2
Ry .(t) =]z —(x+vt)| = Ry 2(0) +ﬁx,z(0) vt +0 (';;t' ) , (14)

x,z

where R, .(0) = & — 2, R;..(0) = | Ry -(0)], and R, .(0) = R, .(0)/Ry,-(0). With (14),
equation (12) becomes

_ Ry -(0) =~ 7
o ¥ 1 — [# + Ry 2 (0)- ”—] , (15)
¢ c
which can be solved explicitly to obtain
_ t—R; (0
Too(t) = #()/c (16)
1+ R, .(0)-v/c
The argument of § in equation (13) is then
_ Roy(ow(®) - Ryy(0)  Ryy(0)-v._
r e, - Realen® o < es(©) | Rey(© ”twa)>
¢ c ¢
_ 1-— Emy(o) -’U/C (l - Rx,z(0)> _ R:c,y(o) " Ty- (17)
1+R; .(0)-v/c c c
The time dilation
1 — Ry yy(0) -
gy = 2D 1 V/C (18)

~ 1+R,.(0)-v/c

is the Doppler scale factor, which, as we see below, is closely related to the Doppler shift.
With (17) and the notation (18), equation (13) becomes

wssc(t, 2, y) — / S.y[&m,v(l‘ - Rzz(o)/c) - Rw,y(o)/c + Ty]

3.
(47)? Ry 2 (0) Ry 4 (0) qv(w) d'x d’v. (19)

2.2.2. The slow-mover, narrow-band case. Many radar systems use a narrowband waveform,
defined by
sy(t) = 5y () e, (20)

where §(¢, y) is slowly varying, as a function of ¢, in comparison with exp(—iwyt), where w,
is the carrier frequency for the transmitter at position y.
For the waveform (20), equation (19) becomes

2
N z,y) = —/ Py @10y (8,0 (1= Ry.2(0)/0)~Ra y (0)/c+T,]
(47)* Rz 2 (0) Ry, 5 (0)

X 5y(@a.0(t = Re2(0)/) = Rey (0)/¢ + Ty)gu (@) d'x &'
a)?ZJ ei‘/’z.u e_i‘“y&z,vf y 3 3
* | G o R+ Ty~ (R + Ry O)/gu(@) dx .
T,z T,y

21
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Figure 2. The geometry in the far-field case. This shows a case in which the scene is not too large.

Here we have used the fact that s is slowly varying to replace o, by 1 in the argument of s,
and we have collected the time-independent terms in the exponent into the quantity

Pxv = ky[Rzy(O) - Ty + &z,va,z(O)]a (22)

where k, = wy/c.
If we write the Doppler scale factor (18) as @z, ~ 1 + B4, Where

Brw = —(Ray(0) + Ry .(0) - v/c, (23)

then the quantity wy Bz is the Doppler shift. We note that the Doppler shift depends on the
bistatic bisector vector R ,(0) + R, . (0).

With equation (23), we recognize (21) as the familiar superposition of time-delayed and
Doppler-shifted copies of the transmitted waveform.

2.2.3. The far-field case. A common situation is the one in which the transmitter-to-target
and target-to-receiver distances are large in comparison with the scene dimensions (see
figure 2). We take the origin of coordinates to be at the scene center. Then, in the so-
called far-field approximation, |z +wvt’| and k|x +vt’|? are assumed to be much less than either
|z| or |y|, where k again corresponds to the (effective) maximum wave number for the signal
sy, and we have

. | + vt |?
Ry .t)=|z—(x+vt)|=|2|—-2:-(x+v1)+0O T . 24)
z
In this approximation, equation (12) reduces to
_ z T+ vl
zmm—[u—z-—“’] (25)
c c
which can be solved explicitly to yield
_ t—|zl/c+Zz-x/c
Tow(t) & S : (26)
1—-2.v/c
The argument of § in equation (13) is then
Ry 2 (ty(t Re (oot _ 7 - v
o, Raslan®) y(w»%%ﬂﬂ_cg_ym_yvumﬂ+u
c c c c c
1+7%- 5. i -
_Lryewje Al 2wy W v o 27)
l1—-Zz-v/c c c c
We see that when |v|/c < 1, the Doppler scale factor becomes
1+y-v/c o
o= N1+ (§+2) -v/c (28)
1-=z-v/c
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We note that the signs here appear different from those in equation (18) because R, ,(0) =
x — z points in a direction approximately opposite to z = z — 0. The scattered field is
Sylay(t — |2zl/c+2-x/c) — |y|/c+ G- -x/c+T,]
(1, 2, y) =/ . 5 .
(4m)*|z|ly|

gu(@) Exdv.  (29)
2.2.4. The far-field, narrowband case. With a narrowband waveform (20) and the far-field

approximation (24), equation (29) becomes

2
sc wy ~ A A
(t,z,y) = ————2— | 5,(t — |z|/c+2-x/c — |yl/c+§-x/c + T,)
N @m)?zllyl J Y

x exp(—iwylay(t — |z|/c+ 2-x/c) — |yl/c + G- x/c + Tyl gy (z) d’x d*v

602 c
~——Y | oexp(iph ) exp(—iwyayt)
(4n)2|z||y|/ P (i) exp(—ioy

xSyt +Ty —(z| =2+ |yl —§-x)/c)qu(T) d*x d®v, (30)
where ‘/’;,v = —wylay,(—|z|+2-x) — |yl + G- x]/c.
If the transmitter is activated at times —7,, = —|y|/c, so that the transmitted wave arrives

at the scene center at the time ¢ = 0, and if we evaluate Yy at t’ =t — |z|/c, we have

—w? o
YRE. 20 = s / P e S (1 4 (2 + ) - 2/)gu(@) dx &P, 31
where
Prv = _a)y[ofu2 +4l-x/c (32)

Again if we write o, = 1 + B,, where 8, = (§ + 2) -v/c, we see that equation (31) is a
superposition of delayed and Doppler-shifted versions of the transmitted signal.

Much previous work has dealt with the case of far-field, single-frequency imaging of
a stationary scene. For a stationary scene (v = 0, which implies o, = 1 ), and a single
frequency wy = wo (Which corresponds to § = 1), (31) reduces to the well-known expression

—ikot
Voo (1, 2, Y) ~ —————Foo(§, 2), (33)
' @m)?zllyl >
where the (Born-approximated) far-field pattern or scattering amplitude is
Fu(§.2) = / e ED g () dx, (34)

where kg = wp/c. We note that our incident-wave direction convention (from target to
transmitter) is the opposite of that used in the classical scattering theory literature (which uses
transmitter to target).

3. Imaging via a filtered adjoint

We now address the question of extracting information from the scattered waveform described
by equation (13).

Our image formation algorithm depends on the data we have available. In general, we
form a (coherent) image as a filtered adjoint, but the variables we integrate over depend on
whether we have multiple transmitters, multiple receivers and/or multiple frequencies. The
number of variables we integrate over, in turn, determines how many image dimensions we
can hope to reconstruct. If our data depends on two variables, for example, then we can

7
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hope to reconstruct a two-dimensional scene; in this case the scene is commonly assumed to
lie on a known surface. If, in addition, we want to reconstruct two-dimensional velocities,
then we are seeking a four-dimensional image and thus we will require data depending on
at least four variables. More generally, determining a distribution of positions in space and
the corresponding three-dimensional velocities means that we seek to form an image in a
six-dimensional phase space.

3.1. Imaging formula in the general case

We form an image I (p, u) of the objects with velocity u that, at time ¢t = 0, were located at
position p. Thus I (p, w) is constructed to be an approximation to g, (p). The strategy for the
imaging process is to write the data in terms of a Fourier integral operator F : g, = ¥*¢, and
then find an approximate inverse for F.

In the general case, we write the data (13) as

(ia)’)z e~ 10 12,0 (D)+Ty =R y.v(fzn (1)) /c]
257T3Ra:,z,v (;w,v (1)) Rx,y,v (;x,v (1))

where we have written s, (¢) in terms of its inverse Fourier transform

Utz y) = — / Sy (@) do'qy(z,) d*x dv, (35)

1 —iw’ / /
sy(1) = 7 / e 'Sy (@) do'. (36)
We note that by the Paley—Weiner theorem, S is analytic since it is the inverse Fourier transform
of the finite-duration waveform s.

The corresponding imaging operation is a filtered version of the formal adjoint of the
‘forward’ operator F. Thus we form the phase-space image I (p, u) as

I(p.u) = / el O TRy G/ O (4 1 . w, 2, 1) da (¢, 2, y) de d'zd™y,  (3T)

where n = 1, 2 or 3, depending on the receiver configuration, and m = 1, 2 or 3, depending on
the transmitter configuration. This image reconstruction operator can be interpreted in terms
of filtered backpropagation, where Q is the filter.

The specific choice of filter is dictated by various considerations [1, 23]; here we make
choices that connect the resulting formulae with familiar theories. In particular, we take the
filter O to be

(47)?
(iw)?
a choice which leads (below) to the matched filter. The matched filter is well known [22] to be
the optimal filter for enhancing signal to noise in the presence of white Gaussian noise. The

quantity J depends on the geometry and is chosen (see below) to compensate for a certain
Jacobian that appears; « is the Doppler scale factor for the point p, u and is defined by

1— R,y (Gpu®) - u/c
1+ Ry .(fpu(D) - ujc

Q. 1,p,u, 2, y) = Rp.2(tpu() Rp,y (tp.u () Sy (@) (0, p. u, 2, Yotpu(t),  (38)

tpu(r) = (39)

In allowing (37) and (38) to depend on the transmitter y, we are implicitly assuming
that we can identify the part of the signal that is due to the transmitter at y. In the case
of multiple transmitters, this identification can be accomplished, for example, by having

8
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different transmitters operate at different frequencies or, possibly, by quasi-orthogonal pulse-
coding schemes. We are also assuming a coherent system, i.e., that a common time clock is
available to all sensors.

For a limited number of discrete receivers (or transmitters), the integral over z (or y) in
(37) reduces to a sum.

Interpretation of imaging as matched filtering. In the case when the geometrical factor
J = J/w? is independent of w, we can use (36) to write the imaging operation of equation
(37) as

I(p,u) = _(477)2 / s;[?p,u(t) + Ty - Rp,y(;p,u(t))/C]Rp,z(;p,u(t))Rp,y(;p,u(t))
x J(p,u, z, Yoty o OV (t, z,y)dtd"zd"y
= _(477)2 / SZ[I + Ty - Rp,z(;p,u(t))/c - Rp,y(;p,u(t))/c]

X Rp 2 ((p.u(0) Rp y (Tpu ()T (D, u, 2, Y)otp o (Y (1, 2, y) dr d"zd" y, (40)

which has the form of a weighted matched filter. To obtain the second line of (40), we have
used (12) to write the argument of s in a more symmetric form.

3.1.1. The point-spread function for the general case. ~We substitute equation (35) into
equation (37), obtaining

I(p, w) :/K(p, w; T, v)gy(x) d®x v, 41)

where K, the point-spread function (PSF), is

1 - - . _ _
K(p, w; @, v) = 5~ / ey Reallpn VAR, (120 (1)) R,y (. (1)) Sy (@)t

J(w,p,u, z,y) (ia)/)z e 10 (Lo w (D)+Ty—=Re y ({20 (1)) /€)
P2 Y) / - -
(lw)z Rw,z(tx,v(t))Rm,y(tw,v(t))
X Sy(w") do' dr d"zd™y. (42)
Since S, is smooth, we can carry out a stationary phase reduction of (42) in the variables
t and w'. If we denote by ¢ the phase of (42), then the critical points are given by

0 _ [af,,,u o Rp,y(fp,um)} L [ar_ o Rm,y(fm.v(t»] @)
dt ot Jat c ot ot c

0= i yer, - Realen®) | Reslan®)  Rey@en®)
oo’ c c c

where in (44) we have used equation (12). These two conditions determine the critical values
of w’ and ¢ which give rise to the leading-order contributions to equation (42). We denote by
t; , the value of ¢ determined by (44).

We rewrite equation (43) by differentiating (12) implicitly, obtaining

Mgy =~ — V 0ty
0=1-— — — Ry, . (tp () ———, 45
» ()] = 3 45)
which can be solved for 97, ,,/9f to obtain
ot 1
=0 = (46)

ot B 1 +ﬁw,z(;w,v(t))'v/c'
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With (46) we see that the terms in brackets in (43) are of the form

Moo 0 RpyFaolt 1= Ry y(fuo(®) -
[ v _ 9 Rey(e, ())}: RBoy@en)-v/e _ 0 g,
ot ot c 14+ Ry .(t2()) - v/c
Thus we find that equation (43) implies that
/ aP,U([;,v) (48)
(i)
and that, moreover, the determinant of the Hessian of the phase is
9%
aw,v
o =—aj,. (49)
v 0

The result of the stationary phase reduction of equation (42) is

K (p.w: . v) ~ / lina12 1Ty Ry a3,/ Rz Opu D Ry y (Tp )
o R 2 (Te 0 (1) Ry y (100 (%)) ¥

O o (1 ol ()
S, <Mw) J(@.p.u. 2, y) 222 dod'z d"y. (50)
Oz v (t;,v) (S0 (t;,v)
The quantity in square brackets in the phase of equation (50) can also be written as
;:D,u(t;.’v) + Ty _ pry(?p;u(t;,v)) _ t;’v n Ty _ RP’Z(EP;U(I;’U)) _ pr(;pcu(t;v))
_ Ra(ta0(t; ) N Rey(aw(ty ) Rp:(tpulty,)  Rpy(pulty,)) T
= — — "
C C C C

(S

where in the first line we have used definition (12) of f and in the second line definition (44)
of t*.
We write equation (50) as

. o
K(p,u; x,v) ~ f e"“’ATW(z’p’“’”)S;(w)Sy ( p'ua))

x,v

063

g”" dod'zd™y, (52)
07

x,v

xRz, y,z,p,u,v)) (0, pu,z1v)

where k = w/c and where
ATy (2, P, u, V) = [Rp - (Tpu(ty ) + Rpy(Tpulty )]

- [Rm,z(;z,v(t;v)) + Rz,y(;m,v (t;,v))] + CTy (53)
and

Rp.2(tp,ut) Rpy (tp,u(t¥))
Ry (T 0 (%)) Ry y (T, (1%))

Rz, y, z,p,u,v) = (54)

3.1.2. Relation between point-spread function and ambiguity function in the general case.
In equation (52) we use the definition of the inverse Fourier transform

Sy(w) = f e’ s, (1) dt, (55)

10
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which, in the case when J = J? with J independent of w, converts (52) to

(07 . (07 (07
K(p,u;x,v)= / <—iw p’“) eﬂ“’AT”’zS;(w)/ <ia) p’") exp (i P a)t> sy (1) dt
Ug v Ogv Up v

aP," dw dnZ dmy

X R(m’ y’ z’ p’ u’ v)j(p7 u’ z’ y)

Oy v

. [ %p, '
~ /Sy (aput — Aty . (x, p, u, v)) Sy (1) dt

x,v

X R(x, Y, 2., w, 0)J (P, u, 2, y) 22 d"z d"y. (56)

Qv

Equation (56) can be written as

Up,u

o -
K(p, w; x,v) ~ f Ay <—p’u, Aty . (z, p, u, v)) R(x, vy, z, p, u, v) Jd'zd"y,
o

v Cxv

(57

where A, is the wideband radar ambiguity function [17] for the waveform §, defined by

Ay(o, 1) = /&;(ot — T)§y (1) dz. (58)
Equation (57) is a general form appropriate to any target environment and any finite-duration
interrogating waveform.

For a narrowband waveform (20), the ambiguity function is

Ay(o. 1) = o, / 5ot — T)5 (1) ™ e dt, (59)
where @ = wy (o — 1). Since 5, () is slowly varying, Ay (o, ) ~ wf,Ay(&), T), where

Ay(@,7) = e " / 55— )3, (1) € dt. (60)

In this narrowband case, the point-spread function of equation (57) can similarly be
approximated by

K Lz, v)~ [ WA L BN Upu 7 n gn
NB(P, u; , v) wy Ay |y VAT | R(x, Y, 2, p,u, v)——J d"zd"y,

Oy v Qv

(61)
where AT, , is given by (53).

3.2. Imaging in the slow-mover case
In the slow-mover case, we write equation (19) as
()2 =1/ 1000 (1= Ry 2(0)/) =R (0) /4T, )

273 R4,2(0) Ry y (0)

Y, 2, y) = — / Sy(@) dw'qy () Pxdiv.  (62)

The imaging formula in the slow-mover case is

I(p,u) = / e =Rz O/ Rs O/ O (0, p, u, y, 2)Y° (1, 2, y) dodt Py &z, (63)
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The corresponding point-spread function is
Ks(p, u; x, ,U) — L / eiw[ap,u(l_Rp,z(0)/C)_Rp<y(0)/c+7‘y] e_iw,[az.v(t_Ra:.z(0)/C)_Rz.y(0)/c+7‘y]
b4

72
X SH(@)Sy (@RI ey = dw do di d"z d"y. (64)
[6)]

In (64), we apply the method of stationary phase in the ¢ and o’ integrals. The critical set is

/
0=0apuw — g0

(65)
0= Oy o (f — Rm,z(o)/c) - R:c,y(o)/c + Ty

and the Hessian of the phase is —c . The leading-order contribution to (64) is thus

K3 (p, u; @, v) ~ / exp (ik |:ocp,u<M + Rz .(0) — R,,,Z(O)) — Rp 4 (0) + cTy]>

Uy v
a3
13)’" dwd"zd"y, (66)

x,v

* Olp’u
x 85 (@ Sy(@)RJ

U v o

where k = w/c, or, in terms of the ambiguity function,

o ~O
KS(p, w; T, v) ~ /A (ﬂ Aty (x,p, u, v)) R(z,y, z, p, u, v)J 2= d"zd"y
o :

T,V x,v

(67)

under the assumption that J = J/w? is independent of w. We note that the delay (second)
argument of the ambiguity function can be written as

. R..0)—R, .0 R, (0 R, (0
A‘L’;z = dp , 0) - sz( ) " |:Zp_,u < m,z( ) _ Ty) _ P,z( ) + Ty:|
—_— Ry »(0) — Ry »(0) N <Olp_.u _ 1) Rz 4(0) N (Rz,y(o) _ Rp,y(0)>
c Qg c c c

Qpu
— — —1)T,
(O‘z,v ) Y

Ra:,z(o) - Rp,z(o) + Ra:,y(o) - Rp,y(o) + (ap,u _ 1> <Rm,y(0) _T )
Yy
c

=0Upu

c c Uz.v

u

— . R B R R 0
~ * c P : (ap,uRz,z(O) +Rw,y(0)) + c v . (Rw’y(O) +R.z-z(0)) ( ,g( ) _ Ty) 7
(68)

where in the second line we have added and subtracted R ,(0)/c. If the target scene is not
too large, the transmitters can be activated at times —7, chosen so that R, 4(0)/c — Ty is
negligible.

3.3. Imaging in the slow-mover, narrow-band case

Under the slow-mover, narrow-band assumptions, the data (21) can be written as
wgz/ ei‘/’z,v e—iwyazvvt
(47)?R5.2(0) Ry 4y (0)

Utz y) ~ — §y(t + Ty — (Ry 2 (0) + Ry 4y (0)) /) gy () d*x dPv.
(69)

12



Inverse Problems 24 (2008) 035005 M Cheney and B Borden

The corresponding imaging operation (from equation (40)) is

la(p, u) = —(4n)’ / e rn el Ry, (0)Rp,y (0)

E;;(t + Ty — (Rp2(0) + Rp (0) /O)YX (¢, 2, y)Jded"zd"y. (70)

The operation (70) amounts to geometry-corrected, phase-corrected matched filtering with a
time-delayed, Doppler-shifted version of the transmitted waveform, where the Doppler shift
is defined in terms of (23).

Under the assumption that J is independent of w, the point-spread function is

Ka(p, u; x,v) = / w55t + Ty — (Rp 2(0) + Rp 1y (0)) /c)e'v!FruFuclt

X gy(t + Ty — (Ry,2(0) + Rw,y(o))/c) exp([@q,o — (pp,u])
« Rp,z(O)Rp,y(O)
Ry 2(0) Ry (0)
In the second exponential of equation (71) we use (22) to write
$zv — Ppu = ky[Raz y(0) — Ty + (1 + By v) Ry 2(0)]
— ky[Rp y(0) — Ty + (1 + Bpu)Rp 2 (0)]]
= ky[—cATy!, + BuwRa.2(0) — BpuRp-(0)], (72)

Jdtd'zd"y. (71)

where

AT, = [Rp,2(0) + Rpy(0)] — [Ry.2(0) + Ry (0)] (73)

is the difference in bistatic ranges for the points  and p. If in (71) we make the change of
variables ¢’ =t + Ty — (R, »(0) + R 4(0))/c and use (60), then we obtain

Ka(p, u; x,v) 2/ wiA (wy[ﬂp,u - ,B:c,v]’ AT;z)
X exp(iwy[Bp.u — Bzwl[Rey(0)/c — Tyl) (74)

. Rpz(0)Rpy©0) 5

x exp(—ikyBp ul Rz, - (0) RP’Z(O)])Rw,z(O)Rw,y(O) Jd"'zd"y.
We note that the narrowband ambiguity function of (74) depends on the difference of bistatic
ranges (73) and on the difference between the velocity projections onto the bistatic bisectors:
IBp,u - ,Bx,v = (ny(o) + Raf;z(o)) * ’U/C - (pr(o) + sz(o)) * u/c. 5

For the case of a single transmitter and single receiver (a case for which J = 1) and
a point target (which enables us to choose T, so that the exponential in the second line of
(74) vanishes), and leaving aside the magnitude and phase corrections, (74) reduces to a
coordinate-independent version of the ambiguity function of [18].

3.4. Imaging in the far-field case

3.4.1. Imaging in the far-field wideband case. Our filtered-adjoint imaging formula reduces
to

Lo(p.w) = / aiolan(—1z1/ct2 - p/e)=lyl/c+i - p/e+Ty ]

X Oo(@, p,u, z,y) doy™(t, z,y)dt d"zd"y, (75)

where we take the filter to be
Ooo(@, P, u, 2,y) = —(41) 07 |2||y|S)(0) ] (@, P, u, Z, Y)au. (76)

13
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To determine the point-spread function, we substitute (29) into (75) to obtain
Ioo(p’ u) = / exp(lw[‘xu(t - |Z|/C + ’% 'p/C) - |y|/C + @ 'p/C + Ty])Qoo(CUs pv uv Z, y)

X /exp(—iw’[av(t —|zl/c+2-x/c) = |yl/c+P-x/c+Ty])

/ZS /
X WSy (@) do' dwg,(x) dx dPvdrd'zd"y. (77
2573 |z |y

For smooth Sy, we can apply the method of stationary phase to the 7 and «’ integrations
in (77). The critical conditions are

0= wa, — oy,

78
0=yt —I|z|/c+Z-xz/c)—|yl/c+G-x/c+T, (78)
and the Hessian of the phase is «,,. This converts the kernel of (77) into
. f * a)au Ja z n m
Ke(p,u;z,v) ~ [ exp (—1a)Ary )S () Sy 3 dwd"zd"y, 79)
# Ogv/) o
where Aty is defined by
—4.x—cT
cAr;,zzau<|z|—2-m+—|y| yr-c y—|z|+2-p>—|y|+@-p+cTy
Qy o
=au2-(p— w)+<— )(Iyl—cT)— <—“w—p>
Oy Ay
n Olu Qqy A
=wZ-p—x)+ | — (lyl=cTy) =g-(—-1)z—§-(x—p)
(079} Uy
A A u au A
=@z2+9) -p-o)+|——-1|(yl—cTy) —{——-1)7g-x
Ay Uy
%(Otu2+:f/)'(p—w)+< ) G+2)9-x, (80)

where we have made the choice T, = |y|/c in the last line and where we have used (28) to
write
Uy
l-(u—v)-(g+2)/c. &1
Ay
To write (79) in terms of the ambiguity function, we assume that J = J/w? is independent
of w and use (55) to obtain

Ky(p, u; x,v) ~ /s;‘ <Zﬂt — Ar;z, y> Sy(t)jzl2 drd'zd"y. (82)
v

v

Using (58), we obtain for the wideband far-field point-spread function

v

Oy - Oy
Koo, u; x, v) ~ /.Ay (a_ Ar;’z) J(p,u, z, y)a— d"zd"y. (83)
v

We note that (83) no longer involves a ratio of ranges, because now the corresponding ranges
are referenced to the scene center and not to the individual point & or p.

14



Inverse Problems 24 (2008) 035005 M Cheney and B Borden

3.4.2. Imaging in the far-field, narrowband case. In the case of a narrowband waveform
(20), we use the matched-filter interpretation of the imaging formula

47)?%|z . » .
Ioo(p, u) — ( 1C|()Z||y| /C_l(pp‘u e+1a)y(l+[‘3u)t S;;(t/ + (2 + @) 'p/C)
Y

x Yt z, y)J(wy, p, u, z,y)dr' d"zd"y. (84)

Inserting (31) into (84), we obtain for the point-spread function

K& (p,u; x,v) = a)fl / ¢! (Pzv=fpu) eiwy(ﬂu*ﬁ”)%;(t' +(2+9)-p/o)
x5yt +(2+§) -x/c)Jdt’ d"zd"y. (85)

In the first exponential of equation (85) we use (32),

Puw — Fpu = %[[(1 +BE+T]p—[(1+B)2+8] -]
=ky[(E+9)-(P—T)+ 2+ (Bup — Bo)], (86)

where ky, = w,/c.
In (85) we also make the change of variables t = ' + (2 + §) -x/c, use (60) and
By = (§ + 2) -v/c to obtain

K&® (p,u; z,v) = /wf,A(ky@ +2)-(u—0),(2+9) - (@—p)/c)
X eXpli(Pa.0 — Ppau)] eXp(—iky(Bu — Bu) (2 +§) - x)J d"zd"y,

(87)

Here we see clearly the dependence on the familiar bistatic bisector ¢ + 2.

4. Reduction to familiar special cases

4.1. Range-Doppler imaging

In classical range-Doppler imaging, the range and velocity of a moving target are estimated
from measurements made by a single transmitter and coincident receiver. Thus we take
z=1y, J =1, and remove the integrals in (87) or (74) to show that the point-spread function
is simply proportional to the ambiguity function. In particular, for the case of a slowly-moving
distant target, (87) reduces to the familiar result

w(u—v)-g 2(17—96)-?/)

c c

Ky (0, w; @, v) o Ay (2 (88)

We see that only range and down-range velocity information is obtained.

4.1.1. Range-Doppler imaging of a rotating target. If the target is rotating about a point,
then we can use the connection between position and velocity to form a target image. We
choose the center of rotation as the origin of coordinates. In this case, a scatterer at x moves
as q(O(t)x), where O denotes an orthogonal matrix. This is not linear motion, but we can
still apply our results by approximating the motion as linear over a small angle.

In particular, we write O(t) = O(0) +tO(0), and assume that O(0) is the identity operator.
In this case, the velocity at the point x is O(0)z, so in our notation, the phase-space distribution

is gy (x) = 400z ().
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For the case of two-dimensional imaging, we take ¢ = (1, 0), and O is given by

—sinwt cos wt -1 0

o) = [

so (88) becomes

coswt  sin c‘ut}

0(0) = a)[ 0 1:| , (89)

)

we (i —vy) 2(P1—x1)>O(A <2wcd)(P2—X2) 2(P1—X1))
Y ¢ ¢ ’

Kl%B)(p, u; T, V) X Ay (2 ,
c c
90)

Thus we have the familiar result that the delay provides the down-range target components
while the Doppler shift provides the cross-range components. Note that even though the
velocity v; = wx; can be estimated from the radar measurements, the cross-range spatial
components are distorted by the unknown angular velocity .

The PSF depends on only two variables, which implies that the image obtained is an
approximation to [ g(x, X2, x3) dx3.

4.2. Inverse synthetic-aperture radar (ISAR)

Modern ISAR methods do not actually require Doppler-shift measurements at all. Rather, the
technique depends on the target’s rotational motion to establish a pseudo-array of distributed
receivers. To show how ISAR follows from the results of this paper, we fix the coordinate
system to the rotating target. Succeeding pulses of a pulse train are transmitted from and
received at positions z = y that rotate around the target as § = (). The pulses
typically used in ISAR are high range-resolution (HRR) ones, so that each pulse yields a
ridge-like ambiguity function A, (v, 7) = Zy(r), with Ky(r) sharply peaked around t = 0.
Equation (87) reduces to

= (A, @—2)-90)\
Kigar (P, u; @, v) = —w(%/Ay (Qf Jlylde, oD

where we have written w, = wg because the pulses typically have the same center frequency.

Note that the set of all points p such that (p — x) - ¢(6) = 0 forms a plane through
with normal ¢(6). Consequently, since Zy(t) is sharply peaked around t = 0, the support of
the integral in (91) is a collection of planes, one for each pulse in the pulse train, and ISAR
imaging is seen to be based on backprojection.

Because knowledge of ¢(0) is needed, ISAR depends on knowledge of the rotational
motion; it is typically assumed to be uniform, and the rotation rate & must be determined by
other means.

Useful information can be obtained from the PSF as follows. If we approximate the HRR
ambiguity function by

A®x) = / exp(iot) do, (92)
B
where B denotes the bandwidth, then we find that (91) becomes
KO (p, us @, v) o / f exp(i2 (p — ) - §(0) /) 1y| der d6
B

d(w, 0
o / exp(i(p — ) - £) (‘5’5 )

where we have made the change of variables (w,60) — & = 2w§(0)/c. This is a two-
dimensional change of variables, so again the PSF depends on only two variables, and the
image involves a projection of the third variable onto the other two.

Tyl &€, (93)
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Figure 3. For SAR, we consider a stationary scene and a sensor that (in the start—stop
approximation) does not move as it transmits and receives each pulse. Between pulses, the
sensor moves to a different location along the flight path.

The factor J of (87) should be chosen to be the Jacobian |3€/(w, 0)] = w*J (0) (i.e., the
reciprocal of the factor |d(w, 8)/0&| appearing in (91)). The narrowband approximation uses
w ~ wy, so the result is

K&&nw%ma/?wmnwweéa 94)
Q

where 2 denotes the region in &-space for which we have data. This region 2 is a sector
of an annulus with width 2B and angular extent corresponding to the angular aperture. The
form (94) is useful for determining resolution of the imaging system. In particular, the Fourier
components of the target that are visible correspond to the values of £ that are obtained as w
ranges over the frequency band of the radar system and 6 ranges over the angles of view.

4.3. Synthetic-aperture radar (SAR)

SAR also uses high range-resolution pulses, transmitted and received at locations along the
flight path y = y(¢), where ¢ denotes the flight path parameter (see figure 3). For a stationary
scene, u = v = 0, which implies that 8,, = B, = 0. In this case, (74) reduces to

— (2 Rpy)(0) = Ry yiy (O Ry iy (O)
KR (0, 0; 2, 0) /Ay (2 P.y(6) 2.y(0) ) PYO " Jy| de, (95)
¢ Rwyy(c)(o)

where again Zy(t) is sharply peaked around t = 0. Thus SAR imaging reduces to
backprojection over circles Ry, y)(0) = Ry y()(0).

If we again approximate the HRR ambiguity function by (92), then we find that (95)
becomes

Rpy©)(0) = Roy)(0)\ By oy (@ -
Ko 5. 0:2.0) o / P <izw S St )> PYO— |yl d¢ de
¢ Rw»y(l)(o)

2
(% /exp(i(p —x)-§) 212)'21({)(0) .o
z.y(¢) © &
where we have made the Taylor expansion Rp,yA(;) (0) =Rz y)(0) = (x—p) - Rp,y@) O)+---
and the change of variables (w, ¢) = § = 20R,, 4(;)(0). Again J should be chosen to be the
reciprocal of the Jacobian [d(w, 8)/0&], and we note that the reciprocal [0£/9d(w, )] is indeed
of the form w?J, with J independent of w.

Again the fact that the PSF depends on two variables gives rise to an image of a projected
version of the target.

J1ylds, (96)
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4

Figure 4. For Doppler SAR, we use a frame of reference in which the sensor is fixed and the plane
below is moving with a uniform velocity.

4.4. Doppler SAR

Doppler SAR uses a high Doppler-resolution waveform, such as an approximation to the ideal
single-frequency waveform s(¢) = exp(—iwpt) transmitted from locations along the flight
path y = y(¢) (see figure 4). If we transform to the sensor frame of reference, then the entire
scene is moving with velocity u = v = —y(¢).

Although the stationary phase analysis of section 3.1.1 does not technically apply to
a single-frequency waveform, it does apply to the time-limited waveforms that are used in
practice. Consequently, the analysis of section 3.1.1 applies to a realizable system.

For a high Doppler-resolution waveform, Ay (v, ) = Zy(v), where Zy(v) is sharply
peaked around v = 0. In the monostatic case, (74) reduces to

KNS (p, —9(0); @, —9(2)) / Ay (@0l Bp(2) — Bu(O)])
X exp(iwo[ﬁp(f) - ﬂw(g)][[\’my(o) - Ty])

. Ry © -
X exp(—ikoBp(¢)[Re.y(0) — Rpy (0)) X J de, 97)
Rz 40
where from (23), Bz(() = Bo—yo) = —2Ray)(0)-v/c = 2Rq4y0)(0)-9(0)/c.

Again the imaging process reduces to backprojection over hyperbolas Ry, y()(0) - 4(¢) =
R y)(0) - (0). _

If we again approximate the ridge-like ambiguity function by A(v) = [exp(ivt’) dr’,
then (97) becomes

K (p, —9(0); @, —9(0)) o / exp(it’ o[ Bp(£) — B ()]
x exp(io[Bp (L) — Bx(O)1[Ray(0) — T,1)

| R0
X exp(_lkOﬁp(g)[Rm,y(O) - pr(O)])z—J dt/ d;
Ry
x / exp(i(p — @) - §) exp(iwo[ fp(¢) — B (O] Ra y(0) — Ty])

Ry 0 |3t ©)
R (0 [ ¢

Jde, (98)

X exp (_1k0:3p(§)[Rw,y(0) - Rp,y(o)])
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Figure 5. A limagon of Pascal. The origin is located at the transmitter position y.

where we have made the Taylor expansion B,(¢) — Bz(¢) = (p — @) - VpBp(¢) and then
made the change of variables (', ¢) = & = t'woVpPp(¢). We note that again J should be
[0€/0(t, ¢)| = a)(z)f , where J is independent of w,. Again the image involves a projection.

4.5. SAR for other ridge-like ambiguity functions

In the above scenario, SAR reconstruction can be done with a sensor moving along the path
y = y(¢) while transmitting other waveforms. In particular, waveforms (such as chirps)
can be used which produce a ridge-like ambiguity function along any line v = 5t in the
delay-Doppler plane. Then (74) reduces to

KN (p, —9(0); @, —9(2)) / Ay(@0lBp(2) = B ()] = 21 (Rp () (0) = Ry (0)) /)]

X exp(iwo[ﬂp@) - ﬂw(é‘)][Rwy(O) - Ty])
Rzzzy(z)(o) d

R2

X exp(_lkOﬁp(é‘)[Rzy(O) - Rp,y(o)])
2.y

g, 99)

which corresponds to backprojection over the planar curve Ly, ({) = Lz (¢), where

Lp(©) = —oRyp ) » §(©) + Ry ) (0. (100)

The curve L, (¢) is the intersection of the imaging plane with a surface generated by rotating
a limacon of Pascal (figure 5) about the flight velocity vector. We note that for a slowly-
moving sensor and a side-looking beam pattern, the curve obtained from the limagon is almost
indistinguishable from a circle.
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If we approximate the ridge-like ambiguity functionas A(v—n7) = [ explio(v—n7)] do,
then (99) can be written as

KN (p, u; @, v) o / expQo[Ly(¢) — Ly (2)1/c)J exp(ionl Bp(8) — B (§)1[Ra,y(0) — Ty1)
2

. R} i
x exp(—ikoBp({)[Ra,y(0) — Rp,,,<o>])R’;L“(O) do dg
,y(%)

x /CXP([GB — pl-&J expiwo[Bp(L) — Bz (D[ Rey(0) — Ty1)
Rz -0 [3(w,0)

i _ p.y(©) >

x exp(—ikoBp({)[Rz,y(0) Rp’y(o)])R;y@)(O) Y.

where we have made the Taylor expansion L,(¢) — L;(¢) = (p — @)+ VpLp(L) + -+ and
have made the change of variables (@, {) — & = 20wV, Ly(8)/c.

d¢, (101)

4.6. Diffraction tomography

In this case the data is the far-field pattern (34). Our inversion formula is (84), where §, = 1
and there is no integration over t. The resulting formula is

I, (p) = f ED PO (2, §) Foo(§, 2) df d2, (102)
where Oy, is the filter chosen according to [6],
ks
_ i+ 2|, 103
Ot = 50519+ 2 (103)

which corrects for the Jacobian that is ultimately needed. Here the factor of kg corresponds to
three-dimensional imaging.
The associated point-spread function is obtained from substituting (34) into (102),

I(p) = / PO, (2. 9) / e oD 2 () P df d2
__k_

Qm)*

= f xu (&) e P Peg(x) dx, (104)

f MG+ - 0= 5 4 g1 4 d2g(x) IPx

where x,; denotes the function that is one inside the ball of radius 2k and zero outside and
where we have used the Devaney identity [6]

k3
(277)4 2 x 82

/ X (€) e T P = @2 g 4 ¢/ dg dz. (105)

The proof of this identity is outlined in the appendix. The two-dimensional version is [7]
. s 0
[rw@eere= [ e
SIxs! (9, 2)
where §§ = (cos 0, sinf), 2 = (cos0’, sinf’) and

%8 | _ /1= (i 2)2. (107)

(8, 2)

diy dz, (106)
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4.7. Moving target tomography

Moving target tomography has been proposed in the paper [9], which models the signal using
a simplified version of (21). For this simplified model, our imaging formula (70) reduces to
the approach advocated in [9], namely matched-filter processing with a different filter for each
location p and for each possible velocity u.

5. Conclusions and future work

We have developed a linearized imaging theory that combines the spatial, temporal and spectral
aspects of scattered waves.

This imaging theory is based on the general (linearized) expression we derived for waves
scattered from moving objects, which we model in terms of a distribution in phase space. The
expression for the scattered waves is of the form of a Fourier integral operator; consequently,
we form a phase-space image as a filtered adjoint of this operator.

The theory allows for activation of multiple transmitters at different times, but the theory
is simpler when they are all activated so that the waves arrive at the target at roughly the same
time.

The general theory in this paper reduces to familiar results in a variety of special cases.
We leave for the future further analysis of the point-spread function. We also leave for the
future the case in which the sensors are moving independently, and the problem of combining
these ideas with tracking techniques.
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Appendix. The Devaney identity in R®

This proof of (105) follows [6]. First we note that for € R?,
X% e e [ der 2
=~ dE = € d-¢lgl djgl

o Js

€
2k
=4nf SIEIT e ale)
0

1€lr
8w 1 — cos(2kr) 8 .,
=25 = sin” kr, (A.1)

where we have written r = |r|. Using Stone’s formula [14]

ink 1 s

sinkr _ _/e‘ky"“dzﬂ (A.2)

kr 4
we can write (A.1) as

A k2 s
/ X2k(€) el{-T d3$ — 5 /elk(y+z)-7‘ dz:i) d22 (A3)
€] (2m)

3 Consequently, the US Government is authorized to reproduce and distribute reprints for Governmental purposes
notwithstanding any copyright notation thereon. The views and conclusions contained herein are those of the authors
and should not be interpreted as necessarily representing the official policies or endorsements, either expressed or
implied, of the Air Force Research Laboratory or the US Government.
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Next, we write

/ Xk (6) €T dE = / %ﬁg’eﬂ*ﬁ'ﬂa&s

. o k2 L
= / el U e ier (W/e"“y*e)'f d@dé’)] €| e dr’.  (A4)

Carrying out the 7’ integration results in 8§ (€ — k(¢ + 2)); finally, carrying out the £ integration
results in (105).
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