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Abstract
There is a common misconception that the Avogadro constant is one of the
fundamental constants of nature, in the same category as the speed of light,
the Planck constant and the invariant masses of atomic-scale particles.
Although the absolute mass of any specified atomic-scale entity is an
invariant universal constant of nature, the Avogadro constant relating this to
a macroscopic quantity is not. Rather, it is a man-made construct, designed
by convention to define a convenient unit relating the atomic and
macroscopic scales. The misportrayal seems to stem from the widespread
use of the term ‘fixed-Avogadro-constant’ for describing a redefinition of the
kilogram that is, in fact, based on a fixed atomic-scale particle mass. This
paper endeavours to clarify the role of the Avogadro constant in current
definitions of SI units for mass and amount of substance as well as recently
proposed redefinitions of these units—in particular, those based on fixing
the numerical values of the Planck and Avogadro constants, respectively.
Precise definitions lead naturally to a rational, straightforward and
intuitively obvious construction of appropriate (exactly defined)
atomic-scale units for these quantities. And this, in turn, suggests a direct
and easily comprehended two-part statement of the fixed-Planck-constant
kilogram definition involving a well-understood and physically meaningful
de Broglie–Compton frequency.

1. Introduction

The Avogadro constant, NA, is usually described as a
fundamental physical constant or an invariant of nature, in
the same category as the vacuum light speed, the elementary
charge and the Planck and Boltzmann constants, for example
[1–4]. In contrast to these other fundamental physical
constants, however, the Avogadro constant is not a constant
of nature. Rather, it is a man-made construct, used as a
convenient scaling factor designed for relating properties of
atomic-scale entities and macroscopic quantities, its implicit
numerical value in this role having been decided by fixing
the numerical value of the amount-specific mass of carbon-
12 at exactly 12 g mol−1. The basic concept defining the
Avogadro constant is the number of (specified elementary)
entities per unit of amount of substance. In this general
sense, it is in the same category as, for example, the ‘retail’
constant: 12 per dozen, the ‘wholesale’ constant: 144 per gross

and the ‘paper-packaging’ constant: about 500 per ream—
where dozen, gross and ream describe various convenient
commercial-amount units for measuring amounts of specified
discrete items. The numerical value of NA, of course, depends
on the chemical-amount unit used: NA ≈ 6.02×1020 mmol−1

or 2.73 × 1026 lb-mol−1, for example.
If m(X) is the absolute mass of an individual entity X, the

amount-specific mass, M(X), of an amount of these entities is
given by

M(X) = NAm(X), (1)

showing the role of NA in relating macroscopic and atomic-
scale properties. In the following, the role of NA in current
definitions and proposed redefinitions of SI units for mass and
amount of substance will be clarified explicitly. We will see
that it is not NA itself that is a universal constant of nature
but, rather, M(X)/NA—which, of course, is the absolute mass
of the specified entity X. The Avogadro constant plays an
important role in constructing atomic-scale units for mass
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and amount of substance, leading to a logical redefinition of
the atomic-scale reference mass, the dalton—defined exactly
in terms of the kilogram—that is more straightforward and
much more easily comprehended than the strategy recently
proposed by Mills et al [4] retaining the conventional inexact
definition of the atomic-scale mass unit based on m(12C),
thereby requiring a potentially confusing correction factor
for relating amount-specific mass to the relative atomic-scale
mass. The exact definition of the dalton, in turn, suggests
an easily understood two-part statement of the fixed-Planck-
constant definition of the kilogram involving a physically
realizable de Broglie–Compton frequency corresponding to the
exactly defined dalton.

2. Current definitions

The current definition of the SI unit for amount of substance
fixes, by convention [5], the amount-specific mass of carbon-
12 at exactly 12 g mol−1 (= 12 kg kmol−1):

M(12C) = NAm(12C) = 12 kg kmol−1, exactly. (2)

Note that since the atomic mass of carbon-12 is indeed an
invariant of nature, this means that, given the current definition,
the Avogadro constant also appears to be invariant, although by
convention rather than by nature. However, with the current
definition of the kilogram, as the mass of the international
prototype of the kilogram (IPK), a physical artefact, the
kilogram unit appearing on the right-hand side of equation (2)
is not invariant with respect to a truly invariant mass (such as
that of the carbon-12 atom itself, for example). We can write

kg ≡ mIPK(t) = mRef [1 + δ(t)], (3)

where mRef is a reference value of the mass of the IPK and δ(t)

is the relative deviation representing the drift in its mass over
time due to contamination and handling—although, of course,
mIPK(t) is always equal to 1 kg, by definition.

It is instructive to relate mIPK(t) to the invariant mass,
m(12C):

kg ≡ mIPK(t) = NRef [1 + δ(t)]m(12C), (4)

whereNRef is a time-invariant dimensionless constant that must
be determined by experiment (i.e. by measuring the mass of
the carbon-12 atom in units of mRef). Then, from equations (2)
and (4), we have, for the Avogadro constant,

NA = 12NRef [1 + δ(t)] kmol−1, (5)

showing the corresponding drift in the nominally invariant
magnitude of NA due to its dependence on mIPK. When
the value of NRef is determined experimentally, its relative
experimental deviation, εexpt, appears as follows:

NRef = N0(1 + εexpt), (6)

where N0 is a known constant. Thus

NA = 12N0(1 + εexpt)[1 + δ(t)] kmol−1, (7)

or, since εexpt and δ(t) are extremely small, we need to keep
only the first-order terms:

NA = 12N0[1 + εexpt + δ(t)] kmol−1, (8)

showing explicitly the experimental and IPK-drift deviations,
given the current definitions of SI units for mass and amount
of substance and the coupling between them.

On rearranging equation (8), we have

kmol = 12N0[1 + εexpt + δ(t)]/NA. (9)

At this point it is essential to the following analysis to introduce
an atomic-scale unit of amount of substance equal to that
consisting of exactly one (specified elementary) entity. Call
this unit ‘entity’ with a corresponding symbol ‘ent.’ One thing
we can say for certain about the Avogadro constant (number
of entities per unit of amount of substance) is that it is equal to
exactly one per entity:

NA = 1 ent−1, exactly. (10)

This is the only form in which the Avogadro constant might be
called ‘naturally invariant.’ Substituting this into equation (9)
gives

kmol = 12N0[1 + εexpt + δ(t)] ent, (11)

thereby defining the kilomole in a simple and direct (although
not invariant) way in terms of a number of entities. Since the
atomic-scale unit entity is defined exactly, we see explicitly
that the (current) definition of amount of substance exhibits
two types of deviation from an exact value: εexpt stemming
from determining the mass (in terms of a reference kilogram)
of the carbon-12 atom by experiment and δ(t) due to the drift of
the IPK. Given the goal of constructing invariant definitions of
SI units, it is clear that units for mass and amount of substance
need to be redefined.

3. Redefinitions

Redefining the kilogram in an invariant form has been a
topic of concern for some time [1–4, 6–11]. The two most
common proposals are the fixed-Planck-constant definition
(fixing the numerical value of h when expressed in SI units)
and the so-called ‘fixed-Avogadro-constant’ definition. The
latter fixes the value of NA—and the value of M(12C) (at
exactly 12 kg kmol−1)—thereby fixing the value of m(12C)
when expressed in units of kilogram. In other words, this
is really a ‘fixed-carbon-12-atomic-mass’ definition. For
example, if a fixed value of m(12C) is used to define the
kilogram, we can write

kg = NCm(12C), exactly, (12)

where NC is a specified invariant dimensionless constant
(chosen to assure continuity with the IPK-based kilogram
at the time of redefinition). Then, by keeping M(12C) =
12 kg kmol−1, exactly, from equations (2), (10) and (12),
we have a straightforward corresponding definition for the
kilomole:

kmol = 12NC ent, exactly. (13)

The kilomole definition is now exact and invariant, as well.
The Avogadro constant is thus explicitly and exactly defined
in a compatible way as seen by rearranging equation (13):

NA = 1 ent−1 = 12NC kmol−1, exactly, (14)
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and this fixed value of the Avogadro constant guarantees
that M(12C) = 12 kg kmol−1, exactly. Also, the atomic-
scale reference mass unit, dalton, is defined exactly in terms
of the kilogram: Da = kg/(12NC). We should note,
however, that, with these definitions, the numerical value of
the Planck constant, h, expressed in SI units, cannot be fixed
independently and must be determined by experiment [11].

With the fixed-h definition of the kilogram, there are
two choices for redefining the unit for amount of substance.
Keeping the current implicit definition, fixing M(12C), still
involves experimental uncertainty in determining m(12C) and,
thus, in the unit definition. The alternative is to fix NA

independently; however, in this case, the exactness constraint
on M(12C) must be relaxed [11]. In other words, the
two alternatives are to have either an exact M(12C) and
an experimental uncertainty in the definition of the SI unit
for amount of substance or an invariant definition and an
experimental uncertainty in the value of M(12C)—as is the
case for all other entities. The latter choice is clearly more
in keeping with the overall goal of constructing invariant
definitions of SI units, if possible.

For the fixed-h definition of the kilogram, since h has units
of joule second, we can write

kg = Nh(h/c2
0) · (s−1), exactly, (15)

where Nh is a known dimensionless constant whose value
is chosen to assure continuity with the current definition
of the mass unit and c0 is the fixed vacuum light speed.
Independently, the kilomole can be written explicitly as a fixed
number of entities:

kmol = N∗ ent, exactly, (16)

where N∗ is a known dimensionless constant related to the
Avogadro constant:

NA = 1 ent−1 = N∗ kmol−1, exactly. (17)

In other words, N∗ is the numerical value of the Avogadro
constant when NA is expressed as a number per kilomole.

In order to assure continuity with current definitions,
we note that although M(12C) cannot be fixed independently
once h and NA are fixed, it must satisfy the compatibility
equation [11]:

hNA = KCM(12C) = fixed value, (18)

where the compatibility constant (with dimensions of length
squared per unit time) is given by

KC = (c0/2)[me/m(12C)] α2/R∞, (19)

involving, in addition to c0, which is exact, the electron/carbon-
12 mass ratio, me/m(12C), the fine-structure constant, α, and
the Rydberg constant, R∞. The numerical value of KC must be
determined by experiment and it will have a relative deviation
δ(KC):

KC = KC0[1 + δ(KC)]. (20)

In choosing the fixed values of h and NA, we require, to assure
continuity,

hNA = 12MuKC0, (21)

where Mu = 1 kg kmol−1, exactly. Then, from equations (18)
and (20), M(12C) will have an experimental deviation given by

M(12C) = 12Mu(KC0/KC) = 12Mu/[1 + δ(KC)]

= [1 − δ(KC)]12Mu, (22)

to first order.
Using the following values and relative standard

uncertainties taken from [2]: c0 = 299 792 458 m s−1 (exact),
R∞ = 10 973 731.568 525 m−1, ur(R∞) = 6.6 × 10−12,
me/m(12C) = Me/(12Mu) = 4.571 499 2454 × 10−5,
ur(Me) = 4.4 × 10−10, and [12]: α = 7.297 352 5359 × 10−3,
ur(α) = 7×10−10, we can evaluate the compatibility constant
to the indicated precision:

KC = 3.325 260 5670(61) × 10−8 m2 s−1, (23)

with

ur(KC) = ur(R∞) + ur(Me) + 2ur(α) = 18.5 × 10−10. (24)

The fixed values of the Planck and Avogadro constants should
satisfy

hNA = 12MuKC0 = 3.990 312 6804 × 10−7 J s kmol−1.

(25)

By setting h equal to 6.626 069 282 × 10−34 J s and NA equal
to 6.022 1415 × 1026 kmol−1, we find that, to the indicated
precision:

M(12C) = 12.000 000 000(22) kg kmol−1, (26)

with ur[M(12C)] = ur(KC).

4. Atomic-scale units

As experimental techniques for determining the value of KC

(primarily with regard to the mass ratio and fine-structure
constant) improve, we need to distinguish between the known
relative deviation in the value of M(12C), as it increases in
precision, and its (decreasing) relative uncertainty. From
equation (22), we can write

M(12C) = (1 + κknown + κexpt)12Mu, (27)

where κknown represents the known relative deviation and κexpt

is the corresponding experimental deviation, with κknown = 0
and |κexpt| = O[ur(KC)t=0] at the time of redefinition. Since
we need to relate this to the atomic scale, the appropriate
atomic-scale units therefore have to be defined with care and
clarity.

Mills et al [4] define an atomic-scale mass constant in the
conventional way:

mu = m(12C)/12 = u, (28)

where we should note that u is an inexact mass unit (in terms of
the fixed-hkilogram), withur(u) =ur(KC). Using equation (2),
equation (27) can be rewritten as

NAmu = (1 + κknown + κexpt)Mu. (29)

Following Mills et al, if we also define the relative atomic-scale
mass of any entity in the conventional way,

Ar(X) = m(X)/mu, (30)

noting that Ar(
12C) = 12, exactly, then the basic relationship,

M(X) = NAm(X), becomes

M(X) = NAAr(X)mu = (1 + κknown + κexpt)Ar(X)Mu, (31)
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as compared with the well-known formula M(X) = Ar(X)Mu

using current definitions. Mills et al recommend using
equation (31) for relating M(X) and Ar(X). Their κ is equal to
(κknown + κexpt) used here. They state that (1 + κ) ‘will initially
be equal to one. . . ’, whereas, although κknown(0) = 0, the
initial experimental deviation is κexpt(0) �= 0. For ‘real world’
calculations, they recommend using the standard formula:

M(X) ≈ Ar(X)Mu, (32)

since the relative uncertainties involved in most calculations
are likely to be much larger than |(κknown + κexpt)|. But fixing
NA exactly while retaining the conventional definitions of
u and Ar(X) by using m(12C)/12 as the (inexact) reference
atomic-scale mass and introducing a multiplicative ‘correction
factor’ into equation (31) and related equations (and then
setting it equal to unity for practical calculations) is a
very cumbersome and potentially confusing—and ultimately
unnecessary—complication.

A much more straightforward strategy is to define the
atomic-scale mass unit, the dalton, exactly in terms of the
kilogram:

Da = (1/N∗) kg, exactly, (33)

where N∗ is the numerical value of the Avogadro constant
appearing in the fixed-NA definition of the kilomole,
equation (16), which itself can be rewritten as

ent = (1/N∗) kmol, exactly, (34)

paralleling the definition of the dalton. Absolute entity masses
can be catalogued in units of dalton, directly. Then we have in a
straightforward manner, stemming from the basic relationship,
equation (2),

M(X) = NAm(X) = {m(X)}Da Da ent−1. (35)

In other words, the amount-specific mass of a given entity in
exactly defined atomic-scale units, Da ent−1, very simply has
exactly the same numerical value as the absolute entity mass
expressed in Da. But, from equations (33) and (34),

Da ent−1 = kg kmol−1 = g mol−1, (36)

so that

M(X) = {m(X)}Da kg kmol−1 = {m(X)}Da g mol−1. (37)

If desired, we could introduce the relative atomic-scale mass,
Ar(X), defined as

Ar(X) = m(X)/mu, (38)

where mu = 1 Da, exactly, is the atomic-scale mass unit—not
equal to m(12C)/12 in the case of the fixed-h kilogram—in
which case we have

M(X) = Ar(X)Mu, exactly, (39)

where Mu = 1 Da ent−1 = 1 kg kmol−1 = 1 g mol−1, etc. Of
course, Ar(

12C) will not be equal to 12 exactly for the fixed-
h kilogram definition, and the relative atomic-scale masses of
some other entities might need to be updated as more precision
is gained in the value of KC . However, this would be a
relatively simple short-term adjustment, easily incorporated
into the periodic review of atomic-scale properties. This seems
to be the most logical—and easily comprehended—approach
to dealing with atomic-scale properties and relating them to
macroscopic quantities.

5. Statement of the fixed-h kilogram definition

The use of the exactly defined dalton naturally leads to a
two-part statement of the fixed-h definition of the kilogram
that avoids the introduction of unphysical frequencies or
wavelengths. As pointed out in [4], the fixed-h kilogram
definition is based on hν = mc2

0. If m = 1 kg, the
corresponding de Broglie–Compton frequency is unphysically
large (>1050 Hz). Instead, we define the kilogram as equal to
N∗ dalton, exactly:

kg = N∗ Da, exactly, (40)

where the dalton is, in turn, defined as

Da = ν∗(h/c2
0), exactly, (41)

where ν∗ is the de Broglie–Compton frequency of a mass of
exactly one dalton, given by ν∗ = (1/N∗){c0}∗2/{h}∗ Hz,
exactly, with N* being the numerical value of NA when
expressed in a number per kilomole and the notation {q}∗
denoting the fixed numerical value of the argument expressed
in SI base units. Substituting {c0}∗ = 299 792 458 and
{h}∗ = 6.626 069 282 × 10−34, we find that the pseudo-
frequency ν∗ = 2.252 342 7378 . . . × 1023 Hz, comparable
to the corresponding frequency of the proton mass (νp =
2.268 731 8151 . . . × 1023 Hz), as would be expected. This
two-part statement of the fixed-h kilogram definition is thus
very easy to understand and directly introduces the exactly
defined atomic-scale mass unit while avoiding the use of any
unphysical quantities.

6. Summary

Unlike fundamental constants of nature (such as c0, h and e),
the Avogadro constant is a man-made scaling factor relating
atomic-scale and macroscopic quantities, with its value in this
role currently implicitly defined by the convention of setting
the amount-specific mass of carbon-12 equal to 12 g mol−1,
exactly. The misportrayal of NA as a fundamental constant
of nature arises from the so-called ‘fixed-Avogadro-constant’
definition of the kilogram, which always requires, in addition,
that M12(C) = 12 g mol−1, exactly—a man-made condition
imposed by convention. In fact, this is a ‘fixed-carbon-12-
atomic-mass’ definition. It is m(12C) = M(12C)/NA that is
the invariant constant of nature, not NA itself. Once the defini-
tion of the unit for amount of substance is written in terms of an
exact constant, as, for example, kmol = N∗/NA, the only thing
one can say definitely about the Avogadro constant in terms of
an exactly defined unit for amount of substance is that it is
exactly 1 ent−1, giving kmol = N∗ ent as the invariant defini-
tion for the kilomole, thereby fixing NA = N∗ kmol−1, exactly.

Redefinitions of SI units for mass and amount of substance
designed by fixing the numerical values of h and NA

independently require relaxation of the exactness condition
on M(12C). Expected progress in reducing uncertainties in
me/m(12C) and α in the near future will allow straightforward
and easily comprehended definitions of atomic-scale units:
the exactly defined dalton, Da, and entity, ent, categorized as
units in use with SI. Absolute entity masses can be catalogued
directly in terms of dalton. Then the amount-specific mass of
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a specified entity can be expressed in Da ent−1, kg kmol−1,
g mol−1 or mg mmol−1 (all of which are equal), with a
numerical value exactly equal to that of the absolute entity
mass expressed in dalton. If desired, one could introduce the
relative atomic-scale mass, equation (38), and use the familiar
formula, M(X) = Ar(X)Mu, satisfied exactly—without any
correction factor.

Finally, the use of the exactly defined dalton,
equation (33), suggests a two-part statement of the fixed-h
definition of the kilogram which is very easily understood
and does not rely on the introduction of physically impossible
quantities.
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